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1. Introduction.

Consider the second order linear recurrences defined by

Unp+2 = Pun—i—l - Qu’ru Upg = 07 Uy = ]-7 (1)
Unt2 = Popg1 — Quy, vo=2, v =P~ (2)

and
Wpao = Pwyi1 — Quy, wo, wi arbitrary. (3)

The sequences (u,,) and (v,) were studied extensively by Lucas [17], and the sequence
(wy,) was popularized by Horadam [10], [11], [12], and also studied by Zeitlin [23], [26],
[27]. The sequence (u,) is known as the fundamental Lucas sequence and the sequence
(vy,) is known as the primordial Lucas sequence.

The relationship between w,, and the pair of sequences wu,, and v, is well known.
Horadam [10] gives several formulas for w,:

(2’(1)1 — Pwo)un + WoUy,

wy, = (w1 — Pwo)ty, + Wolky41 (5)
Wy, = W1ty — QWoly_1. (6)

In [19], it was shown that Algorithm LucasSimplify could be used to prove any
polynomial identity involving expressions of the form g+ and ve,4p. Since w,, can be
expressed in terms of u,, and v, this means that we can algorithmically prove any poly-
nomial identity involving expressions of the form wgy,+p using Algorithm LucasSimplify.

However, Algorithm LucasSimplify, when applied to an expression involving w’s will
return a simplified expression involving u’s and v’s. Since it may be of interest to get
results in terms of w’s, we will now develop new algorithms that can be used to transform
expressions involving w’s from one form to another.

For example, Melham and Shannon [18] found an “addition formula” for simplifying
Wintn:

(2Wm+1 — Pwm)uy + wo,
5 .

Unfortunately, this formula involves the sequences (u,) and (v,). We call an identity
impure if it contains terms involving u’s or v’s. Otherwise, if the identity only involves
w’s, we call it pure. It is our goal to find a pure formula for w,,,, and related expressions.

Wm+n =
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2. Overview.
Two expressions occur frequently enough, that we shall give them names:
D = P? —4Q and e = wowsy — Wi. (7)
Since we = Pw; — Quwyg, an equivalent formula for e is
e = Pwow; — Qw2 — w?. (8)

The quantity D is the discriminant of the characteristic equation for the recurrence, and
the quantity e is known as the characteristic number of the sequence [2], [1]. Throughout
this paper, we shall assume that

Q #0, D #0, and e # 0. (9)

In section 3 we develop the Purification Theorem, which shows how to transform
impure identities into pure identities. In subsequent sections, we then find the pure analogs
(for wy,) of all the classic identities known for u,, and v, either by giving a reference to
the literature where the pure identity was discovered, or by deriving the pure identity
ourselves. If a simpler proof of the result can be given without using the Purification
Theorem, then we present the simpler proof. We then give algorithms that allow pure
expressions to be transformed from one form to another.

3. The Purification Theorem.

To achieve our goal of finding pure identities, we need only express u,, and v,, in terms
of members of the sequence (wy,).

Theorem 1 (The Purification Theorem). Any identity involving u’s, v’s, and w’s
can be transformed into a pure identity (involving only w’s). In particular,

_ WoWp41 — W1Wn
un - ?
e

(10)
(Pwg — 2w1)wpi1 — (2Qwg — Pwl)wn.

VUp =
€

Proof: Algorithm LucasSimplify allows us to express both w, and w,4; in terms of
up and v,. Solving these two equations for u, and v, gives us formula (10). Thus any
expression involving u’s and v’s can be transformed into expressions involving w’s. ]



4. The Addition Formula.

The addition formulas for u,, and v,, are well known:

UmUn + UnUm
Um+n = 9

(11)

_ UmUp + Dupug
Um+4n = 9 .

We would like to find a similar formula for wy,+,. Horadam [10] gives several such
formulas:

Wn+m = UmWn+1 — Qumflwn (12)
Wn+m = (um—i—l - Pum)wn + U Wn+1
Wn+m = WmUn+1 — me—lun
Wp4m = WpUm41 — an—lum
Wn+4+m = Wm—jUn+j4+1 — me—j—lun—i—j
Wn4+m = Wn4jUm—j+1 — an—l—j—lum—j
however, these are all impure.
Applying LucasSimplify t0O U;,—1 gives Uy,—1 = (Puy — v,)/2Q. Substituting this
value of u,,_1 into Horadam’s addition formula (12) and then applying the Purification
Theorem gives us:

(WoWm41 — WiW ) Wht1 — (W1 Wig1 — WalW, )Wy
e

Wn+4+m =
We state this in another form in the following theorem.

Theorem 2 (The Addition Formula for w). For all integers n and m,

1 Wo w1 Wm,
Witm = — w1 Wy W1 |- (13)
Wy Wnyl 0

5. The Negation Formula.

Having found the addition formula entirely in terms of w’s, we now proceed to express
all the other standard formulas in the same manner.
Horadam [10] expressed the negation formula in the following ways:

w_p = Q" (Wollpy1 — w1ty)

W_p, = Q" (wov, — wy).

He also found the interesting formula — w,w_, = wi + eQ"u?.
Unfortunately, these formulas are all impure. We can use the Purification Theorem
to remove the u’s and v’s to arrive at a pure negation formula.



Theorem 3 (The Negation Formula for w). For all integers n,

(w% - Qw(%)wn + wo (Pwo — 2wy )wp4+1

W_p =

e@Qm
(14)
1 w_1 wo w1
= Wo w1 Qug

-

Wy Wnt1 0

Solving equation (14) for w41 gives us a useful formula that allows one to express
Wyp+1 in terms of w, and w_,.

Theorem 4 (The Symmetrization Formula). For all integers n,

(w} — Qud)w, — eQw_,

w0(2w1 — Pwo)

Wnt1 = (15)

provided that the denominator is not 0.
6. The Subtraction Formula.

Melham and Shannon [18] expressed the subtraction formula in the following form:

o WmUn+1 — Wm+1Un
wm—n - Qn .

Again, this is an impure formula. We can now combine the negation formula with the
addition formula to get a pure subtraction formula.

Theorem 5 (The Subtraction Formula for w). For all integers n and m,

1 w—1 Wo Wn41
Wy = ——— | Wo w1 Quw, |. (16)
eQ)
Wy W1 0

Proof: Horadam [10] found wy, 1, + Q™ Wy —pm = Wy, Solve for w,_,, and then expand
Wn+m Dy the addition formula and express v, in terms of w,,, and w,,+1 by the Purification
Theorem. Upon simplifying, we get the desired result. ]

7. The Binet Form.

The Binet form (see [10]) for w, is given by the following theorem.
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Theorem 6 (The Binet Form). If r; and 75 are the roots of the characteristic equation
2> — Pr+Q =0,

then
wy, = Ar' + Bry (17)

where

w1 — WoT2 WoT1 — W1

A= and B =

r —7r2 r —7re

(18)

This generalizes the result for Fibonacci numbers found by Binet [3].
Note that 7| # 7o since P? —4Q # 0. One should also note that

AB:% and A+ B = wy. (19)
We also have
ri—ry=VD. (20)

Since wy41 = (Arq)r] + (Bre)ry, we can solve the system consisting of this equation
and equation (17) for 7 and r5. We get the following:
n w’rl+1 - T2wn n

rH=— and Ty =
w1 — r2Wo w1 — T wWo

wn+1 — Tr1Wn (21)

These formulas may be used to replace powers of r; and 7o (with variable exponents) by
simpler expressions involving r; and rs.

If we let x,, = wy4+1 — Qw,—1, then x,, may be considered to be a companion sequence
to wy,, in the same way that v,, is the companion of u,,. A little computation shows that

ry = 5(:6” + wy(r1 — 12)) /(w1 — rowp).
This gives us the following theorem, since (r7")¥ = rkn.

Theorem 7 (Demoivre’s Formula for w,). If z, = w,11 — Qw,_1 and ¢ = wy —
rowgy # 0, then for all integers k > 0,

k
(:cn + wn\/E> _ Xkn T wkn\/ﬁ

22
2c 2c ( )

This theorem is so named because of its resemblance to Demoivre’s trigonometry formula.
If (w,) = (u,), we have

k
(vn+un\/D> _ Ukn + Ugn VD
2 2



8. Simson’s Formula.
In 1753, Robert Simson [21] found the formula
Fy 1 Fyp — F2=(-1)".
The analog for the sequence (w,,) was found by Horadam [10]:
Theorem 8 (Simson’s Formula for w). For all integers n,
Wy 1Wni1 — w2 = Q" e, (23)
Theorem 8 can also be expressed in the following manner:
Wy Whto — wiﬂ =Q"e. (24)
Horadam [10] also found the following generalization of Simson’s Formula:
Theorem 9 (Catalan’s Identity for w). For all integers n and r,
Wyt Wh—y — W2 = Q™ "u2. (25)

This generalizes a result found by Catalan for Fibonacci Numbers in 1886 [4].
The determinant form of Simson’s Theorem is

Wn—1 Wn, n
= e. 26
R (26)
Horadam [10] generalized this to
Wp—r Wn 4t n—r
= eUrU 27
‘ Wn wn—|—r+t Q Tt ( )

which extends a result for generalized Fibonacci numbers found by Tagiuri [22] in 1901.
Horadam and Shannon [13] expressed this as

= eQ" Uy Us. (28).

Wn+r+s Wn+s
wn+r Wn

In this form, it generalizes a 1960 result for Fibonacci numbers [7]. The special case of
identity (27) when r =1, n=a+ 1, and t = b — a — 1 is of interest:



Theorem 10 (D’Ocagne’s Identity for w). For all integers a and b,

Wq, Wy
Wa+1 Wh+1

- Qaeub—a- (29)

This generalizes a result found by d’Ocagne for Fibonacci Numbers in 1885 [6]. The special
case of formula (27) when n =a+r and t = b — a — r is also of interest:

‘ Wq Wp

= Q%u, up—_g- 30
Wa+r Wpitr Q " ¢ ( )

This formulation (with a = n and b = n + s) comes from [13]. Catalan’s identity can be
expressed as Wy, 4, Wy = wfl + eQ”_’“uf.

Letting » = 1 and r = 2 in this formula and multiplying the results together yields a
polynomial with w? and w?2 terms. The w? term can be made to vanish in the case when
Q = —P?2. This gives the following result.

Theorem 11. If P? + Q =0, then
4 _ n—142
W), — Wy—2Wp—1 Wyt 1Wpyo = (€Q" )7, (31)
This generalizes the identity Fé — F, 9F, 1F,+1F,12 =1 that was stated by Gelin
in 1880 and proved by Cesaro [5]. For another generalization of the Gelin-Cesaro Identity,

see [13].
Letting » = n in formula (25) gives another interesting case.

Theorem 12. For all integers n,

= eu

WoWan — w2 EL (32)

n
Gilbert [8] found an interesting pure formula in the form of a 3 x 3 determinant:
Theorem 13. For all integers a, b, ¢, x, y, and z,
Wotx Waty Watz

Wh+x Wh+y Wh4z | = 0. (33)
Wetgz Wety Wetz

9. Change of Basis.

We often wish to change an expression involving w,, and w,,+1 into one involving wy, 44
and w4, for two distinct integers a and b.



Theorem 14. For all integers n,
O R e Gy ORI Gy
Wn+1 Wq1Wp — WaWphy1 \ W2 —W1 Wp4+1  —Wa+1 Wn+b

Proof: Use the Addition Formula to express w,+1 and w1 in terms of w,, and wy41.
This gives two equations in the two variables w,, and w,+1. We can thus solve for these
variables. Putting the result in matrix form gives us the above formula. ]

Note that the basis change is not always possible. The denominator can be written
in the form —Q%euy_, by formula (29). Thus, the change of basis is possible if and only if

Up—aqa 7é 0.

10. The Fundamental Identity.

Theorem 15 (The Fundamental Identity). The fundamental identity connecting w,,
and wy,41 18
Pw,wyi1 — Qi — w2, = eQ". (35)

Proof: This follows immediately from Formula (24), after replacing w42 by the value
given in equation (3). L]

This result is not new; it is equivalent to Simson’s Theorem. If a is a constant, then
the fundamental identity connecting w,, and w4+ is

VoW W 1q — QW2 — wi+a = eQ™u?. (36)

This was obtained by using formula (34) on the fundamental identity, changing the
basis from {w,, W,41} to {wy, Wn44e}. Changing n to x and n+a to y gives the fundamental
identity connecting w, and w,:

Uy—aWawy — QY Wl — wl = eQ ul_,. (37)

11. Removal of P and Q.

It is occasionally useful to be able to remove the quantity P from an expression. If
the expression is a polynomial in the variables P and w., where the c¢; are constants and
if P always occurs in a product with one of the w,,, then we can use the following results
to accomplish our goal.



Theorem 16. If k is a positive integer, then
LA
Prwy=>" ( ,)Qﬂwk_gj. (38)
=0 N
Applying the Translation Theorem (see Section 17) yields:
Theorem 17. If k is a positive integer and r is an integer, then
LA
Prw, =>" ( ,>Qﬂw,€+r_2j. (39)
=0 N
We also have:
Theorem 18. If k is a positive integer and r is an integer, then
Q w, = (-1)F > ( ) (=P wopgr—j = Y ( ) (—1) P* gy (40)
=0\ =0 M
12. The Double Argument Formula.

Horadam [10] found the double argument formula in the following form

won = (~Q)" ; (M) -5y (41)

However, this is not a closed form.

Horadam also found a closed form (for wg # 0): wa, = (w2 + eu?)/wg. Shannon
and Horadam [20] found the double argument formula in the following form: — wsq, =
UpWp — woQ™.

Unfortunately, both these formulas are impure. To get a pure formula, let m = n in
the addition formula. We obtain the following result.

Theorem 19 (The Double Argument Formula for w). For all integers n,

Wo w1 Wn,
— | w1 W2 Wn4-1
2 2
Waw,, — 2W1WpWp 41 + WoWy, 41 Wy Wpt1 0

(& Wy Wi
w1 W2
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13. Formulas for wy,.

To find expressions for wy, where k is a positive integer constant, you can use the
recurrence found by Zeitlin [24]:

Wgn = UnW(k—-1)n — an(k—Q)na k> 2. (43)
Lee [16] found a more direct formula for multiple argument reduction. For k > 1,
Win, = WS (k) —woeQ™S(k —1) (44)
where
k—j—1
J

Stky=">Y_

=0

[(k—1)/2]
( )<—Q”>f'v:z—2j—1. (45)

Jarden [14] found the following interesting formula:

k
Wkn+s = Z (k) ufz(_Qunfl)kiiwz#& (46)

i
i=0
Zeitlin has found many related formulas. For example, Zeitlin ([27], equation 1.14, with
m = 0 and n = 0) found the following interesting formula:

k
1 k - - ~ w if j is even
N . Li/2],,5 5 k=i - 0; J )
Wkn ok ZO cj <j>D ul v, where ¢; { wy — Py, if j is odd. (47)
]:

Formula (46) can be converted into a pure formula for wy, be letting s = 0 and

substituting u, = (wowp+1 — wWiwy,)/e and u,—1 = (WwWp4+1 — Wow,)/(eQ). We get the
following.

Theorem 20. If k> 0, then

k
1 k ; —i
Wkn = 7% Z (Z) (wown 11 — wiwy ) (wawy, — wiwn 1) w;. (48)
i=0

This can be exanded out as a polynomial in w, and wy,+1. Computer experiments
suggest the following result:

Conjecture 21 (The Multiple Argument Formula for w). If k is an integer larger

than 1, then
1 <~ [k R
() el (19
=0

Win =

where

i = kz ("77) cQuuut (50)
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14. Expansion of Products.

Horadam [10] found
WpVm = Whtm + QM Wp—m - (51)

But we would really like to express w,w,, as a sum of w’s. To do that, we can proceed as
follows. Changing m to m + 1 in equation (51) gives

WpUm+t+1 = Wptm+1 T Qmwn—m—l- (52)
But it is easy to show that
D+ Do
Wi = 5 Vm + o Um+1 (53)
where
D =P? —4Q, D;= P%*wy—2Quwy— Pw;, and D, = 2w; — Pwy. (54)

Multiplying (51) by D1/D, multiplying (52) by Dy/D, and adding the results gives us the
following theorem.

Theorem 22 (The Product Formula for w). For all integers n and m,

1
Wy Wn = 53

5 [Qm+1D2wn7(m+1) + Q" Dywp_p + Diwy 4 + Dzwn+m+1} (55)

where D, Dq, and D are as given in (54).
Applying the symmetrization formula and also expressing wy,_(m,41) in terms of wy, .,
and w,_,4+1 permits us to obtain another variation of the product formula.

Theorem 23 (Symmetric Product Formula for w). If wg # 0, then for all integers
n and m,

1
Dwo

W Wy, = [eQ" Wy —n, — €QM M W_p,_y + Q™ Wiy, + (Dw} — €)Wt (56)

If m = n in formula (55), we get

1
wi = D [QGQn + Dywa, + D2w2n+1] (57)
which can be used to turn squares into sums. Using formula (56), this can also be written

as
Dwow? = (Dwi — e)wa, + 2ewoQ" — ew_2,Q*". (58)
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k

Theorem 24. If k is a positive integer, then w,,

can be expressed in the form

k
(Dwo)*twp =) eriQ ™ wik—2yn (59)
i=0

where ¢y, ; is a polynomial in d, e, and wp, with integer coefficients, where d = Dw.

Proof: The proof is by induction. The case k = 2 is given above in formula (58). Assuming
it is true for w¥, take the formula for w* and multiply it by (Dwg)w,. The Symmetric
Product Formula then gives the answer in the desired form. ]

15. The Power Expansion Formula.

In 1878, Lucas (section XII of [17]) found an explicit formula for w,, in terms of wy,
wy, P, and @ (see also [25], [12] and [16]):

Theorem 25. For all n > 0,
L(n+1)/2]
_ _ n—=k n—k—1
Wy, = Z P" 2k(—Q)k ! |:(k‘— 1>w1P— ( E—1 )wOQ} . (60)

k=1

16. The Universal Recurrence.
We can solve the system of equations

Wn42 = Pwn+1 - an

Wn+3 = Pwn+2 - anJrl

for P and . Thus, any four consecutive terms of the sequence (w,) are enough to
determine P and (). The result is:

2
WnpW 3 — W 1Wn+2 Wn+4+1Wn+3 — Wy o
P— nWYn+ n+2 n+ and Q — 2n—|— ) (61)
WnWn+2 — Wp4q WnWn+42 — Wy g

We can substitute these values of P and @ into the identity w,+4 = Pwy,4+3 — Qwp 42
to arrive at a recurrence for (w,) that does not involve P, @, wg, or wy. The result is the
following.
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Theorem 26 (The Universal Recurrence). Any second order linear recurrence (w,,)
with constant coefficients satisfies the recurrence

3 2
Wy, 49 — 2Wp41Wn42Wnt3 + WnpWy, 43

Wn44 = (62)

2
WpWpy2 — Wi 4

We call this the universal recurrence since it is satisfied by any second-order linear recur-
rence no matter what the coefficients or initial conditions, subject only to the restriction
that the denominator should not be 0. [This is equivalent to the condition that e # 0 and
Q@ # 0 by formula (24).]

The Universal Recurrence can be written in the form

Wn+4+4 Wp43 Wnpi2
Wn+3 Wp4+2 Wyl | = 0. (63)
wn+2 wn+1 Wy,

In this form, the result is due to Casorati.
17. The Recurrence for Multiples.

Zeitlin [24] found the recurrence satisfied by the sequence (wy,) where k is a fixed
positive integer:

Win = VkWi(n—1) — @ Wy (n—2)- (64)

This recurrence can be made pure by substituting the value for vy given by formula (10).

Theorem 27 (The Translation Theorem). Let a be a nonzero integer. Given an
identity involving w,,, u,, and v,, we can create another valid identity by replacing all
occurrences of w, by w,,. This operation is called a translation by a.

Proof: Since the original identity is true for a completely arbitrary second-order linear
recurrence, (w,), it must be true for the particular second-order linear recurrence (wy4q)-

[l

Theorem 28 (The Dilation Theorem). Let k be a positive integer. Given an identity
involving w,,, u,, and v,,, we can create another valid identity by replacing all occurrences
of w, by wy, provided that we also replace u, by Uge/Uk, Vi by Vpe, Q by QF, P by vy,
and e by eu?. This operation is called a dilation by k.
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Proof: The sequence (wy,) satisfies the second-order linear recurrence given by equation
(64). Since the original identity is true for a completely arbitrary second-order linear
recurrence, (wy), it must be true for the particular second-order linear recurrence (wyy,).
However, this new recurrence has different parameters; namely P’ = v, and Q' = QF. If
W, = Wk, then the fundamental Lucas sequence (U,,) that corresponds to (W,,) would
satisfy the recurrence U,, = v,U,_1 — Q*U,,_o with initial conditions Uy = 0 and U; = 1.
But the sequence uy,, satisfies this recurrence, by (64). To meet the initial conditions, we
need only scale it down by a factor of ug. Thus Uy = ug,/ug. A similar remark holds for
the corresponding primordial Lucas sequence (V).

Thus, if we convert to these new parameters, we should obtain a valid identity. Note
that e = wows —w% when converted becomes woway —w,% which is equal to eui by Theorem

12. ]

18. The Recurrence for Powers.

t

YY) where t is a fixed

Jarden [15] found the recurrence satisfied by the sequence (w
positive integer:

t+1
Yy t+1
>y e[l g o (65
=0 I du
where
m UmUm—1 """ Um—r+1 m
= =1.
Bl ) 8

See also [9] and [10] for some related identities. Zeitlin [23], [26] has found many
other identities involving powers of w’s.
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19. The Algorithms.

We now summarize the algorithms found earlier in this paper. For the reader’s con-
venience, we repeat some of the earlier formulas (leaving their original formula numbers).
All the algorithms listed here have been implemented in Mathematica™, and are available
from the author via email.

Algorithm ConvertToUV to convert an expression involving w’s into one involving u’s and
)
v’s:

Apply the substitution
2wy — P +
w, (2w W ) Un wovn. (4)

Algorithm ConvertToW to convert expressions involving u’s and v’s into expressions in-
volving w’s:

Apply the identities:

Uy =
e
(10)
o (Pwg — 2w1)wp4+1 — (2Qwe — Pwy)wy,
n e .
Algorithm WReduce to remove sums in subscripts:
Repeatedly apply the addition formula
1 wo w1 W,
Wnm = == WL W2 Wil |- (13)
Wy Wny1 0
Algorithm WNegate to negate subscripts:
Use the identity
o, = (w? — Qui)wy, + wo(Pwo — 2w )wp11 ' (14)

e@Qm

Algorithm WShift to change basis:

To convert an expression involving w,, and w, 1 into one involving w1, and wy+p, apply
the substitutions

W, - 1 w1 —Wo Wy —Wq, Wn+a (34)
Wn41 Wa++1Wp — WaWp41 \ W2 —W1 Wh+1 —Wg+1 Wn4-b
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Algorithm WExpand to turn products into sums:

Repeatedly apply the substitution

1
W Wy, = 5 [Qm+1D2wn—m—1 + Qlewn—m + Dlwn+m + Dan—l—m—l—l} (55)

where D = P? — 4Q, Dy = P?wy — 2Qwo — Pwy, and Dy = 2w, — Pwy.

Algorithm WRemoveP to remove P in coefficients with terms involving w,:

If ¢ is a constant, use the identity

k
Prwe =) (j) Q Wiy o2 (39)

Algorithm WRemoveQ to remove @ in coefficients with terms involving w..:

If ¢ is a constant, use the identity

Q=Y (5) ey, (40)

Algorithm RemovePowers0fWPlusl to remove powers of wy,41:

Use the identity
w2,y = Pw,wng — Qul — eQ” (67)

repeatedly until no w,,4; term has an exponent larger than 1. This identity comes from
formula (35).

Algorithm RemovePowers0fW to remove powers of w,:

Use the identity

2 _ Pwpwp41 — wfbﬂ —eQ"
" Q
repeatedly until no w, term has an exponent larger than 1. This identity comes from
formula (35).

w (68)
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Algorithm RemovePowers0fQ to remove variable powers of Q:

To remove any expressions of the form Q%"*? from an expression, where n is a variable
and a and b are independent of n with a # 0, write Q2"+ as Q°(Q™)® if a > 0 and as
Q*(Q™")~if @ < 0. Then replace Q" by the substitution

Pwipwins: — Qw3 —w?
Q:I:’I’L — + +n+1 Q +n +n+1 (69)

e

which come from formula (35). If a < 0, we cannot in general replace Q" by any poly-
nomial in the w’s with subscripts consisting only of positive multiples of n. However, if
(@ happens to be a root of unity, then simplification is possible. The cases Q = —1 and
@ = 1 frequently occur and are of this form. Let m be the smallest positive integer such
that Q™ = 1. Write Q" as Q?Q%". Let b be the residue of @ modulo m, i.e. the positive
integer such that 0 < b <m and b=a (mod m). Then Q* = Q°, so we can replace Q"
by Q" with b > 0. If b > 0, we proceed as in the previous case.

Definition. A w-polynomial is any polynomial f(z1,z2,...,x,) with constant coefficients
where each z; is of the form w,, u;, v., or Q%, with each x of the form ayny +asns +---+
arni + b, where b and the a; are integer constants and the n; are variables. For purposes
of this definition, the quantities P, ), wp, and w; are to be considered constants.



Algorithm WSimplify to convert an expression to canonical form:

INPUT: A w-polynomial.

OUTPUT: Its “canonical form?”.

18

Two expressions that are identical will have the

same canonical form. In particular, an expression is identically 0 if and only if its canonical

form is 0.

STEP 1:

STEP 2:

STEP 3:

STEP 4:

STEP 5:

STEP 6:

STEP 7:

STEP 8:

The canonical form is a polynomial f(x1,xa,..

[Convert to w.] If any expression of the form u, or v, occurs, apply
algorithm ConvertToW to remove it.

[Remove variable sums in subscripts.] If any expression of the form
ai1ni + asng occurs in a subscript, apply algorithm WReduce to remove
such sums. Treat ainy — asng as ajny + (—ag)ns.

[Make multipliers positive.] All subscripts are now of the form an + b
where a and b are integers and n is a variable. For any term in which
the multiplier a is negative, apply algorithm WNegate.

[Remove multipliers.] All subscripts are now of the form an + b where
a is a nonnegative integer, b is an integer, and n is a variable. If a > 1,
write an +b as n+n+ --- + n + b with a copies of n and then apply
algorithm WReduce repeatedly until all these subscripts are of the form
n + ¢ where c is an integer.

[Remove constants in subscripts.] If any expression of the form n + b
with b # 0 and b # 1 occurs in a subscript, apply algorithm WReduce
to remove such sums.

[Remove powers of w,11.] If any term involves an expression of the
form w¥ 41 where & > 1 and n is a variable, apply algorithm Remove-
Powers0fWPlus1 to leave only linear terms in wy, 4.

[Evaluate constants.] If any term involves an expression of the form w¥

where ¢ is an integer constant, replace w,. by its numerical equivalent.
If the symbols D or e occur, replace them by their equivalent values
from formula (7).

[Simplify Powers of Q.] If @ is a primitive m-th root of unity, then
replace all constants appearing in an exponent with base ) by their
residues modulo m.

., o) with constant coefficients where

each z; is of the form w,,, wy,+1, or Q™| where the n; are variables, and the degree of
each wy, 11 term is 0 or 1. If () is a root of unity, then no exponent with base () is negative.

Alternatively, to prove an identity, you can apply algorithm LucasSimplify and show
that the resulting canonical form is 0.
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