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Abstract. We examine the first 100 triangle centers from the Encyclopedia of
Triangle Centers and determine when they can coincide with a vertex of the
triangle.
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1. MOTIVATION

Since the incenter of a triangle lies inside the incircle, it is clear that the incenter
cannot coincide with a vertex. On the other hand, it is well known that the
orthocenter of a right triangle coincides with the vertex opposite the hypotenuse.

This suggests that it would be interesting to determine which triangle centers
could coincide with a vertex of the triangle. We examine the first 100 triangle
centers from the Encyclopedia of Triangle Centers [I] and find conditions that
would make the triangle center coincide with a vertex.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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2. METHODOLOGY

Without loss of generality, we will find conditions that make a triangle center
associated with AABC' coincide with vertex A. Let the sides of the triangle have
lengths a, b, and c¢. Again, without loss of generality, we will assume that a = 1
and, if possible, we will find conditions on b and ¢ so that the triangle center
coincides with vertex A.

We will use barycentric coordinates. Let X,, denote the n-th named triangle center
from the Encyclopedia of Triangle Centers [I]. From this encyclopedia, we can
find the barycentric coordinates (u : v : w) for X, for each n. The condition that
this triangle center coincide with vertex A is

v=0and w=0.

We thus get the barycentric coordinates of X,, and solve the system of equations

a=1
v=20
w=~0

for b and ¢. We used Mathematica to solve these equations.

3. FINDING A TRIANGLE WHERE X,, COINCIDES WITH VERTEX A

We used the Mathematica command FindInstance to find an example of a tri-
angle for which a = 1, v = 0, and w = 0 for center X,,. Table 1 on the next page
gives the results found. If there is no entry for X,,, this means that X, cannot
coincide with a vertex of the triangle. Otherwise, we give values for b and ¢ so
that in the triangle with sides 1, b, and ¢, center X, coincides with vertex A. Note
that there may be other values of b and ¢ that work; we only give one set.

The following constants are used within this table.

k1 =~ 0.7772523754 is the smallest positive root of

655362% — 1392642° + 5122* + 13104022 — 57375 = 0.

ks ~ 0.9655712319 is the positive root of 823 + 422 — 22 — 9 = 0.

ks ~ 1.183159543 is the positive root of 51223 + 32022 — 5842 — 605 = 0.

4. FINDING ALL TRIANGLES WHERE X,, COINCIDES WITH VERTEX A

We used the Mathematica command Solve to find all triangles for which a = 1,
b <c¢ v=0,and w = 0 for center X,,. Table 2 gives the general shape of a
triangle for which X, coincides with vertex A. In column 2, we express ¢ in terms
of b, when a = 1. Note that we must also have {1,b,c} satisfying the triangle
inequality. If center X, does not appear in Table 2, but does appear in Table
1, this means that there is a unique shape triangle (up to similarity) as given in
Table 1.

If two or more entries for X,, appear in Table 2, this means that there are sev-
eral classes of triangles in which X,, coincides with vertex A. For example, Xg3
coincides with vertex A either when angle A is 30°, 90°, or 150°.

If the relationship between a, b, and c is simple, we give this relationship in col-
umn 3 (labeled “alternative description”) in Table 2. For example, Xgg coincides
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with vertex A in a triangle for which b + ¢ = 2a. Such a triangle is known as an
A. P. Triangle because its sides are in arithmetic progression. The relationship
a? = b? + ¢ means that AABC is a right triangle with ZA = 90°.

TABLE 1
center | b c center |b |c
3 3
X4 1 ¥ Xso |7 |1
1 1
X5 \/Lg \/Lg Xea 5 iﬁ\/ 4\/5 -3
1 15
Xz |1 L(V/61 —1) Xeo |35 |2
Xu |4 1(V61+1) Xor |1 | 1/5 (49 + v/254941)
P 3 119-3
Xy |2 L/3(691 — 5vI35T) | | Xes |5 | Y3
X Lk
X 5 Ly/3(691 + 5/1357) A A
18 39 39 5
32 9\,; 2 Xo % % 207 —1
X 1 V3
L : X || % (VAT 1)
X, 3 V55 T
8 8 Xso =1 35 (V8TT+7)
X5 |3 3
2 2 Xs4 3 ke
1 1
Xog \/1 v \/1 v Xsr 2| e
Xor |3 o Xes |Z| %
Xos |3 A Xoo |2 | ks
Xag 5 o Xo1 : G
X33 % \/73 Xo2 % \/75
X34 i ﬁ 1 1 3 /
2 2 X93 1 1 5 (1]_ — 21)
1 1
X |33 v Xos | Z|L(VETT-7)
1 1
X |7 72 Xos | 2| £/153 +16v/114
1 1 \/ _
X49 7:7) 73 X96 312 ég% T
Xsu |5 7 Xor | 2| LV/153 + 16v/114
K L
X2 V3 V3 Xosg : 20T
5 /231
Xs3 | 16 6 Xog |3 |2
X4 = 7=1/153 4 161114 X |33
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TABLE 2

center | conditions on b and ¢ whe

n a = 1 | alternative description

X4 c=+1-102 /A =90°
X3 |e=3(V4-30*-b) LA =120°
X  |e=i(4-302+b) LA = 60°
X7 c= \/%\/2+b2—b\/12—7362 ZA = 150°
Xis c= V21 +bV12 -3 /A =30°
X9 c=+1-02 ZA=90°
X4 c=+1-102 ZA=90°
Xos c=+v1-0 LA =90°
Xor c=+1-02 ZA=90°
Xog c=+1-102 /A =90°
X9 c=+1-0 LA =90°
X33 c=+1-02 ZA =90°
X34 c=+1-102 ZA=90°
X3 c=+1-0 LA =90°

Xoo  |e=/5+02+ VT Toe

02 — ) = a2V + )

X59 c=1b

isosceles triangle

X4 c=\Vb—1+2/1 -2

(a2 — B + 2)? = da?(a® — b?)

Xes c=+v1-"b* at =v* + 4
Xe7 c= V0 £ V4 -3b b+t —at = b?P
Xes c=V1-b/2-12 LA = 45°
Xes c=V1+b/2-02 /A =135°

X70 Note 1

X74 C:\/—%+b2+%\/9—8b2

02 — @) + a2V + 2) = 2a*

Note 1: ¢ = v/d where d is a root of

ot —2(0% + 1) + 2b%2% + 2(1 — b5)z + 0% — 265 + 202 — 1 =0
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TABLE 2 (continued)
center | conditions on b and ¢ when a = 1 | alternative description
Xrg  |c=131(VA=307-1) LA =120°
Xso =3 (VA=32+1) LA = 60°
Xga Note 2
Xo o= -+
Xss c=2-0 b+ c=2a
Xoo Note 3
Xo1 1—bv/2 02 LA = 45°
Xo1 1+0v2 - 12 LA =135°
Xoo 1—02 LA =90°
Xoz3 |c=vV1-1? LA = 90°
Xo3 :%\/2+b2+b\/12—73b2 /A =30°
Xog = %\/2+62—b\/2—7362 LA =150°
Xoa =1 (V4-30—1) LA =120°
Xou =1 (VA=312+0) LA = 60°
Xos o= V% RN (P = = @ + )
Xog 1—0v2 0% LA =45°
Xog 1402 —02 LA =135
Xos c:\/%+b2+%m (b* — *)? = a*(b* + 2)
Xo7 c= \/%+b2+%\/m (b% — )? = a?(b* + )
Xog c:%\/l+\/—4b4+462+1 b4t = a2(B2 + A2)
Xog c=0b isosceles triangle
X100 c=5b isosceles triangle

Note 2: ¢ is the real root of x3 — (b —
Note 3: ¢ is a root of x® — (b — 1)z?

a2 — (b—
-0+ 1D+ + 0 —
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