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Abstract. Let ¢ be a line not passing through any vertex of a triangle ABC
and not parallel to any side. Line ¢ meets the sidelines BC', CA, AB of ANABC
at points D, FE, F. respectively. We consider three of the triangles that are
formed: AAEF, ABFD, and ACDE. Placing a fixed triangle center (such as
the incenter, centroid, or orthocenter) in each of these three triangles determines a
central triangle. We investigate when the reference triangle and its central triangle
are perspective, i.e., when the lines AD, BE, and C'F are concurrent.

A computer search over the first 1000 centers in the Encyclopedia of Triangle Cen-
ters suggested numerous examples of concurrence. We give elementary geometric
proofs for the circumcenter, orthocenter, and Clawson point, develop a general
criterion for concurrence, and identify several operations, including isogonal and
isotomic conjugation, that preserve this property.

Our main result is a complete characterization of the center functions whose as-
sociated cevians are concurrent for every transversal . This yields an explicit
normal form for such centers. We also show that concurrence depends only on
the direction of the transversal, and we investigate the special case in which the
transversal is parallel to the Euler line.
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2 PERSPECTIVE CENTRAL TRIANGLES FORMED FROM A TRIANGLE AND A TRANSVERSAL
1. INTRODUCTION

Given a reference triangle ABC', suppose three associated triangles are constructed
from it. If a fixed triangle center (such as the incenter, centroid, or orthocenter)
is chosen in each of these three triangles, the resulting three points determine
another triangle, called a central triangle.

One way to form three triangles is by picking an arbitrary point D in the plane of
AABC, but not on any of its sidelines. Lines are then drawn from point D to the
vertices of AABC'. This determines the three side triangles, ADBC, ANDCA,
and ADAB as shown in Figure [ Each side triangle has D as one vertex and
two of the vertices of AABC' as its other two vertices.
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FIGURE 1. Three side triangles determined by D

Let X,, denote the n-th named triangle cataloged in the Encyclopedia of Triangle
Centers, [4]. In [5], the center X,, (for n ranging from 1 to 1000) was placed in
each of the three side triangles, forming a central triangle. We investigated the
geometric relationship between this central triangle and the reference triangle. In
particular, we determined when the two triangles were similar, homothetic, or
perspective.

Another way to form three triangles is to start with a line ¢ not passing through
any vertex of AABC and not parallel to any side. Three points D, E, and F' are
determined by where line ¢ intersects the sidelines BC', C'A, and AB; we call them
the pierce points of £. This creates three corner triangles associated with the line
l: NAEF, ABFD, and ACDE as shown in Figure 2] Each corner triangle is
bounded by ¢ and two of the sidelines of AABC.

FIGURE 2. Three corner triangles determined by ¢

In this paper, we will place triangle centers X,, (for n ranging from 1 to 1000)
in each of the three corner triangles forming a central triangle associated with
the line /. We will determine when this central triangle is perspective with the
reference triangle.
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Figure |3|illustrates the construction using the centroid X,. Here GG, H, and [ are
the centroids of AAEF, ABFD, and ACDE, respectively. The red triangle is
the resulting central triangle. In this example the triangles are not perspective.
That is, lines AG, BH, and CI are not concurrent.

A

FiGURE 3. Central triangle determined by ¢

We used a computer program called GeometricExplorer to compare the reference
triangle with its central triangle. For an arbitrary triangle ABC and an arbitrary
line ¢, the program constructs the three corner triangles formed by ¢ and the
triangle. It then places the center X,, in each of these corner triangles, for 1 <
n < 1000 (omitting centers at infinity). The program then determines whether
the resulting central triangle is perspective with the reference triangle.

GeometricExplorer uses numerical coordinates (to 15 digits of precision) for locat-
ing all the points. Thus, a relationship found by this program does not constitute
a proof that the result is correct, but gives us compelling evidence for the validity
of the result.

The computer search suggested many perspectivities. The remainder of the paper
establishes these results rigorously, using elementary geometry whenever possible,
and barycentric coordinates otherwise.

We assume the reader is familiar with barycentric coordinates. For two centers
P and @), we write P = () to mean that the centers are the same, so that their
barycentric coordinates are proportional. If their center functions [6] are f and g,
we will also write f = g¢.

The paper proceeds as follows. Section 3| develops a general barycentric criterion
for concurrence. Section |4 gives elementary geometric proofs for three represen-
tative centers: the circumcenter, the orthocenter, and the Clawson point. Sec-
tions [o] and [0] use these examples to build larger families of concurrent centers
and to identify operations that preserve concurrence. Section [7| gives a complete
characterization of the center functions that are concurrent for every admissible
transversal, including an explicit trigonometric normal form. The remaining sec-
tions apply these results to the centers found by the computer search and then
study the special case of transversals parallel to the Euler line.

2. RESuLTS

An admissible transversal is a line that does not pass through any vertex of AABC
and is not parallel to any side.
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Theorem 2.1. Let ¢ be an arbitrary admissible transversal to NABC. Three
points D, E, and F' are determined by where line € intersects the sidelines BC,
CA, and AB, respectively. Let the X,-points of corner triangles AEF, BFD,
and CDE be G, H, and I respectively. If

n € {3,4,19,24,25,48,49, 63, 68,69, 92,93, 184, 186,
264,265, 304, 305, 317, 328, 340, 378, 563, 847},
then triangles ABC and GHI are perspective.

Figure [] shows the case where n = 19. The red triangle is the central triangle.
The green point is the perspector (where AG, BH, and C'I meet).

FIGURE 4. Central triangle formed by ¢ and X9 points

Remark 2.2. For n < 1000, our computations found no additional centers for
which triangles ABC and GHI are always perspective.

3. PRELIMINARY REMARKS

Before proving Theorem 2.1, we establish a general criterion for deciding when a
triangle center is concurrent.

Let ¢ be an admissible transversal of AABC, meeting the sidelines BC', C'A, and
AB at D, E, and F, respectively. The associated corner triangles are

Ti=AEF, Tgz=DBFD, Ts=CDE.

Let X be a triangle center determined by the barycentric center function f. For
a triangle with side lengths A1, Ay, A3, the barycentric coordinates of X are

(1) (f<)\1; A2, A3) 0 f(A2, Az, A1) f()‘37/\17/\2>)7

where f is homogeneous and symmetric in its last two arguments.

Let G, H, and I denote the X-points of Ty, Ts, and T¢, respectively. Our goal is
to determine when the cevians AG, BH, and CI are concurrent.

We say that a center is concurrent for { if the three lines AG, BH, CI are concur-
rent. If the center X is concurrent for all lines ¢, we simply say X is concurrent.
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Throughout the paper, we use homogeneous barycentric coordinates with respect
to AABC, writing points as (z : y : z) and lines as [u : v : w] as in [7]. Taking
¢ = [u: v : w], the admissibility of ¢ is equivalent to w, v, w being nonzero and
pairwise distinct.

Using the formula for the intersection of two lines in barycentric coordinates [3,
eq. (5)], we find that the coordinates for points D, E, and F are
(2) D=0:w:—v), E=(—w:0:u), F=(w:—u:0).

Lengths PQ measured along a fixed line are signed, while |PQ| denotes the un-
signed length. All angle equalities may be read as equalities of directed angles
modulo 180°, which renders every statement independent of the position of ¢

relative to AABC.

If P has barycentric coordinates (p : ¢ : r), then the normalized barycentric

coordinates of P, namely (75— : —L—: ——) are denoted by P. These have

the property that the sum of the three component entries is 1.
Theorem 3.1 (Concurrence Condition). Order the corner triangles as Ty =
(A E,F), Tg = (B,F,D), Tc = (C, D, E) and set
sa = [(|[FA[|AE[,[EF]), ta= [(|AE||EF],|FA]),
(3) sp = [(DB|,|BF|,|FDI), ts = f(IBF|,|FD,|DB])
sc = [(|EC|,|CD|,|DE]), tc = f(|CD|,|DE,[ECY),

where f is a center function. Write S = spspsc and T = tatgte. Then AG,
BH, CI are concurrent if and only if S+ T = 0.

Proof. We will first work in barycentric coordinates relative to the corner triangle
Ty = (A, E,F). By the definition of the center function, the X-point, G, has
coordinates

G=(x:84:1a),
where
sa= f(|FA[|AE|,|EF]),  ta= [(|AE|,|EF|,|FA]),
with the A-coordinate % playing no further role. The cevian AG meets the side
EF at
Da=(0:54:1ta).
The corresponding points for B and C' are defined similarly.
By the barycentric change of coordinates rul/e\, 13, eq. (10)], we find that the coordi-
nates of D 4 relative to AABC are Dy = syE+taF, where E = (—w,0,u)/(u—w),
and F' = (v, —u,0)/(v — u).
A line through A = (1 : 0 : 0) has the form [0 : p : v| and passes through

(dy : dy : d3) if and only if p : v = d3 : —dy. Reading the last two coordinates of
D 4 gives, after clearing the common factor u,

AG:[O:S—A : t—A},

u—w v—u

and cyclically
BH:[t—B:O:S—B}, C[:[&:L:O.

w—v v—u
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The three lines are concurrent precisely when the determinant of their line co-
ordinates is zero [3, eq (6)]. Since each diagonal entry is zero, the determinant
reduces to

0 —

~+

A

¢ umw vs—u saspSc + tatptc S+ T
det| 2 0 22| = _ |
o 1o (u—w)(v—u)(w-2v) (uv—w)(v—u)(w-"0)

w—v u—w
The denominator is nonzero because ¢ is admissible. Hence the determinant van-
ishes exactly when S + 7T = 0. U

Remark 3.2. Theorem reduces the geometric problem of concurrence to the
algebraic identity S + T = 0. All subsequent proofs amount to showing that this
identity holds for particular center functions.

4. THREE GEOMETRIC PROOFS

4.1. The circumcenter Xs.

Lemma 4.1. Let PQR have circumcenter O. Then PO and the perpendicular
from P to QR are isogonal with respect to ZQPR (Figure @

P

FIGURE 5. Altitude and circumradius of a triangle

Proof. Let the perpendicular from P meet QR at T'. In the right triangle PT'Q
the angle at Q) is ZPQR, so Z(PT, PQ) = 90°— ZPQR. Since OP = OR, triangle
OPR is isosceles. Hence

1
Z(OP, PR) = 5(180° — ZPOR) = 90° ~ ZPQR,

because ZPOR = 2/PQR. Thus, Z(OP, PR) = Z(QP, PT), and PO and PT
are reflections in the bisector of ZQPR. U

Since E lies on line C'A and F on line AB, the sides of ZEAF are the lines C A, AB,
so its bisector is the bisector of ZBAC; and FF C (. Applying Lemma to
Ty = AEF, and cyclically, yields the following result.

Corollary 4.2. The line AG is the isogonal in NABC' of the perpendicular to ¢
through A; likewise BH,C1I are the isogonals of the perpendiculars to ¢ through
B,C.

Theorem 4.3. Center X3 is concurrent. The lines AG, BH,CI concur at a point
on the circumcircle of ANABC.
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FIGURE 6. G, H, and [ are circumcenters

Proof. The three perpendiculars to ¢ through A, B,C are parallel (Figure @
Hence, the cevians AP,,, BP,,,CP, of the single point at infinity P, in the
direction orthogonal to ¢, are also parallel. By Corollary [4.2] reflecting these in
the bisectors at A, B, C produces AG, BH,CI. These reflected cevians therefore
concur at the isogonal conjugate P . Isogonal conjugation carries the line at

infinity to the circumcircle [7, §6], so P% lies on the circumcircle of ABC, and
AG, BH,C1I concur there. O

4.2. The orthocenter X,.

Assume here that AABC has no right angle, so that the orthocenter of each
corner triangle is distinct from its apex and its cevians are well defined.

Theorem 4.4. Center X, is concurrent. The lines AG, BH,CI are mutually par-
allel. Consequently, NABC' and ANGHI are perspective from the point at infinity
orthogonal to {.

B\/
H

FIGURE 7. G, H, and [ are orthocenters

Proof. Since G is the orthocenter of AAFEF, line AG is an altitude and therefore
AG L (. Similarly, BH 1 ¢ and CI 1 ¢. Each of AG, BH,C1 is perpendicular to
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the fixed line ¢, so the three lines are parallel and meet at the infinite point Py
of the direction orthogonal to ¢. Thus, AABC and AGHI are perspective from
P, (Figure 7). O

Remark 4.5. Theorems 4.3 and 4.4 are closely related. For each corner triangle,
the cevian to the circumcenter is the isogonal of the cevian to the orthocenter.
Thus, the two perspectors are themselves isogonal conjugates: one lies on the
circumcircle, while the other is the corresponding point at infinity.

4.3. The Clawson point Xjg.

From [4], we find that the Clawson point has center function
x
4 ==
() f(‘rayvz) y2+22—l’2
Since D, E, F are collinear, Menelaus’ theorem [I], §3.10] applies to AABC.
Lemma 4.6 (Product Identity). |AF||BD||CE|= |AE||BF||CD|.

Proof. The unsigned Menelaus relation for the transversal £ is % . % . % =1,

i.e. |[AF||BD||CE|=|FB||DC||EA| = |BF||CD||AE]. O
EA FB DC
Lemma 4.7 (Signed Ratios). . : =1
EC FA DB
Proof. The signed Menelaus relation is % . g;g . % = —1. Replacing AF = —FA,
BD = —-DB, CE = —EC and inverting yields the asserted relation. U

Theorem 4.8. Center X9 is concurrent.

Proof. Unlike the proofs for X3 and X, we have not found a purely synthetic
argument for Xg. Instead, we apply the concurrence criterion of Theorem |3.1}.

Substituting the center function (4)) into the concurrence criterion (Theorem [3.1])
gives

FAl,_|AE] DB, |BF EC| |, _|CD)
= S = S = = .
dA 5 A di4 ) B dB ) B d/B ) C dC ) C d/C

SA =
Hence
|FA||DB||EC| N |AE||BF||CD|

dadpdo dydpde
By Lemma the two numerators are equal, so proving S + T = 0 is equivalent

to showing

(5) dadpdc + d'ydydy =

S+T =

To prove this identity we express each denominator as a dot product.

By the Law of Cosines, each d is a dot product and we have
dys=2EA-EF, d,=2FA-FE,

dy =2FB-FD, djgzzﬁﬁ-ﬁﬁ
de =2DC-DE, d.=2EC-ED.
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Form the ratio

dadpdc
dydpdt;
Grouping together the factors associated with the same vertex (E, F, and D),
the common cosine factors cancel, leaving
dadpde  EA FB DC EF FD DE
d,dyd, EC FA DB ED FE DF,
side ?;:tors 4 f;gors

Each ¢ factor equals —1 since ED = —DFE, and FE = —EF, DFF = —FD. Thus,
the product of the three ¢ factors is —1. The side factors equal +1 by Lemma [£.7]
Therefore the ratio is —1, which is . By Theorem AG,BH,CI concur. [

Remark 4.9. Section |5 will show that this phenomenon is not peculiar to Xiq.

5. A PARITY CRITERION FOR CONCURRENCE

The proof of Theorem [4.§] suggests a much larger family of concurrent centers.
The key observation is that the argument depends only on whether the exponent
of the Conway symbol is odd or even. This leads to the following parity criterion.
Set S4 = b* + ® — a® (twice the Conway symbol), and Sp, Sc cyclically. For
integers k and m, define the center function

T > :.Tk 2+22_x2m
fk,m( Y, ) (Z/ )

homogeneous in x,y, 2 and symmetric in y, z. Its center has barycentric coordi-
nates

(a*ST : b*SE S .

Theorem 5.1. For the center X with center function fy , the lines AG, BH,CI
are concurrent if and only if m is odd. In particular, the conclusion is independent

of k.

Proof. With the notation of Theorem and the abbreviations d4,d,... of
Theorem [4.8]

sa=|FA*Y,  ta=|ABMd)™,
and cyclically. Rather than compute S+ 71" directly, we compare the two products
by forming the ratio S/T. We find that

S _Hsv _ (|FA||DB||EC|\" (dadpdc\™
T Atty \|AE[|BF[|CD| dydpdy )
The first factor equals 1 by Lemma for every k. The second factor equals
(=1)™ by (B). Hence S = (—=1)"T,so S+ T = (1+ (—1)™)T, which vanishes for

every admissible ¢ if and only if m is odd. The conclusion now follows immediately
from Theorem [B.11 d

Corollary 5.2. Among Kimberling centers of index below 100, the following be-
long to the family fi , with m odd, and are therefore concurrent.

X3 =a*Sa = fau, Xy=8"= fo1, Xig=aS;'=fi1,

Xos =a?Sy' = fo1, Xas=0a’Sa= f31, Xes =aSa= fi,

Xeo = Sa = fou.
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No other Kimberling center of index below 100 belongs to this famaly.

Remark 5.3. Theorem explains why the proof of Theorem worked. The
specific properties of the Clawson point play only a minor role; what matters is
that the Conway symbol appears to an odd power. Thus, the theorem replaces
one isolated concurrence result by an infinite family.

6. OPERATIONS THAT PRESERVE CONCURRENCE

Section |9] produced one infinite family of concurrent centers. We now show that
several natural operations on barycentric center functions preserve concurrence.
Starting from any concurrent center, these operations generate many others. In
particular, they imply that concurrence is preserved under both isogonal and
isotomic conjugation, and they will play a central role in the completeness theorem
of Section [

Several simple modifications of a barycentric center function leave the concurrency
locus { £ : S+T = 0} of Theorem [3.1{unchanged. We collect them here. Together
they generate, from a single concurrent center, large families of concurrent centers;
they yield the classical conjugation invariances as a special case, and they underlie
both the sufficient condition of Theorem [6.9] below and the completeness theorem
of §7]

The simplest preserving operation is multiplication by a factor that depends only
on the angle opposite the first coordinate.

Lemma 6.1 (Multiplier Lemma). Let Xy be concurrent with center function f.

If
2 2 2\2
f(l',y,Z):fO(l',y,Z)(I)<<y +4;222x ) )7

where ® is any one-variable function, then X is also concurrent.

The argument of @ is cos® A, where A is the angle opposite the first coordinate.

Proof. The multiplier is symmetric in y, 2z and homogeneous of degree 0, so f is a
center function. Let s, ), be the quantities of Theorem for fy, with products
So, Ty. Each sy, ty for f acquires the factor ®(cos® #), where 6 is the angle of the
corner triangle Ty at the vertex opposite the leg placed first. Since that leg always
lies opposite a vertex, these angles are the corner-triangle angles at D, E, F'.

At each of D, F, I exactly two corner triangles meet; the two angles there are both
the angle between ¢ and the sideline through that point, equal as undirected lines
(vertical or supplementary, according to the configuration; cf. Lemma (ii)), SO
in every case they share the same cos? term. Hence, the factor ¢p := ®(cos? fp)
produced at P € {D, E, F'} is common to the one s and the one ¢ that involve P,
giving
S = S0 ppYEvr, T =ToppPepr.

Therefore S + T = (Sy + To) ¢pyrer = 0, and Theorem applies. O

The proof of Theorem identifies one infinite family of concurrent centers. We
now isolate several simple transformations of barycentric center functions that
preserve concurrence. These transformations allow us to generate many new con-
current centers from any known one and will play a central role in the character-
ization theorem of Section
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Definition 6.2. For a barycentric center function f = f(a,b,c) write Sy = b* +
2 —a® and cos*A = S%4/(4b°c*). The following operations are called preserving
operations because they preserve concurrence.

(O1) isotomic f + 1/f, the center function of the isotomic conjugate [7], defined
wherever f # 0;

(02) isogonal f + a®/f, the center function of the isogonal conjugate [T], de-
fined wherever f #0;

(03) side-power f +— a*f and co-side-power f + (be)if, k,j € Z;

(04) Conway-even f +— S%"f and f — (SpSc)*"f;

(O5) symmetric f +— o(a,b,c) f with o symmetric;

(O6) angular multiplier f +— ®(cos?A) f for any one-variable function ®.

Lemma 6.3. Each preserving operation in Definition [6.3 leaves the concurrency
locus

{(:S+T =0}
of Theorem [3.1 unchanged.
Proof. Recall from Theorem [3.1] that
sa = [([FA|,|AE|,|EF]),  ta= f(|AE],|EF] |FA]),
with analogous definitions for B and C, and that

S:SASBSC, TZtAtBtC.

Operation (O1): isotomic conjugation. Replacing f by 1/f sends

1 1
S— — Tr— —.
S’ T
Consequently,
1 1 S+T
Tr— -+ == ——+
o STTT ST

which has the same zero locus wherever S and T are finite and nonzero.

Operation (02): isogonal conjugation. Replacing f by a?/f is simply the
composition of isotomic conjugation with the side-power operation (k = 2). Since
each preserves the concurrency locus, their composition does as well.

Operations (03)—(05). Each of these operations multiplies every sy and every

ty by a factor depending only on the corresponding corner triangle.

For the side-power operation f + a”* f, the products acquire the factors
|FA*|DBF|EC|* and |AE|*|BF|*|CDI,

which are equal by Lemma [4.6] Thus, both S and T are multiplied by the same

nonzero quantity.

The co-side-power operation is similar. The /-segment lengths cancel, and Lemmal4.6

again shows that S and T receive the same factor.

For the Conway-even case, note that S%™ = 4™ (bc)?™(cos? A)™. In other words,
operation (O4) is just co-side-power (O3) composed with the angular multiplier
(O6) and a symmetric constant.

For the Conway-even, symmetric, and angular operations, each corner triangle
contributes exactly the same multiplier to the corresponding s and ¢. Hence both
S and T are multiplied by the same cyclic product.
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In every case,

S+Tw+— AS+T),

where A # 0, so the zero locus is unchanged.

Operation (0O6): angular multiplication. This has already been proven as
the Multiplier Lemma (Lemma [6.1). O

In other words, we have proven the following.

Theorem 6.4. Let center X be concurrent for some admissible transversal L.
Suppose the center function for X is f. Let X' be the center whose center function
is obtained from f by applying a preserving operation. Then X' is concurrent for

0.

Corollary 6.5 (Conjugation invariance). Suppose X is concurrent for the ad-
missible line ¢ and lies on no sideline of any corner triangle, so that S # 0 and
T # 0. Then its isogonal conjugate X* and its isotomic conjugate X' are also
concurrent for (.

Proof. These are the operations (O1) and (O2) of Definition [6.2} shown to preserve
the concurrency locus in Lemma[6.3} the hypothesis S, T # 0 keeps the conjugate
center functions finite and nonzero. O

Remark 6.6. The monomial family of §5|is visibly closed under (O1) and (02):
isogonal sends f ,, to fo_k _n and isotomic sends it to f_j _,,, both of which again
have m odd. From the geometric seeds X3 = fo1, X4 = fo—1, and X9 = f1,1
the whole family {fi,, : m odd} is generated (using (O3) and (O4), the seeds
X3, X, give the even values of k, and X9 the odd). More generally, Corollary
together with Theorems [4.3] [£.4], and shows that every center obtained from
X3, Xy, or Xi9 by repeated isogonal and isotomic conjugation is concurrent—for
instance Xg3, Xg9, X264, and Xzgs—and this applies equally to concurrent centers
outside the monomial family.

Remark 6.7. Equivalently, if a concurrent center has first barycentric coordinate of
the form g(A), then the center whose first barycentric coordinate is g(A) f(cos? A)
is also concurrent, for any function f of one variable.

Definition 6.8. An expression that is of the form

(6) cos A - f(cos® A)
or
(7) sin Acos A - f(cos® A)

where f is a function of one variable is said to be in concurrent form.

The circumcenter and the Clawson point furnish one seed for each form. By
Corollary X3 has barycentric center function @S, and X9 has a/Sy; using
a =sinA and Sy = csc Acos A = cot A modulo symmetric factors (the Law of
Sines and S = 2bccos A), these reduce to

. 1—cos?A
[X3] a®S4 =sinAcos A, [X19] a/Sa=cosA- P A

The center function for X3 has been written in the concurrent form . The
center function for X;9 has been written in the concurrent form @ Both were
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proven concurrent by elementary geometry (Theorems and . Multiplying
each by an arbitrary f(cos? A), as in Remark , fills out both forms, so we obtain
the following, giving a broad sufficient condition for concurrence.

Theorem 6.9. Let X be a center whose first barycentric coordinate is in concur-
rent form. Then X is concurrent.

The next section shows that Theorem [6.9]is best possible. Every concurrent center
is, up to a symmetric factor, of one of the forms described above.

7. CHARACTERIZATION OF CONCURRENT CENTERS

Sections [o and [6] produced broad families of centers that are concurrent for every
admissible transversal. We now prove that these families are complete. The goal
of this section is to characterize all center functions whose cevians are concurrent
for every admissible transversal.

The main result is the Characterization Theorem (Theorem [7.3)), followed by the
explicit trigonometric normal form in Theorem [7.4]

7.1. The shape function and the leg—swap ratio. We now change the point
of view. Instead of working directly with the side-length function f(a,b,c), we
describe a corner triangle by its angles.

A shape will mean an ordered angle triple
O-:<a7/677>7 a+ﬁ+7:ﬂ-7 O<a7577<ﬂ-'

The angles «, 3,y are ordered so that they are opposite the first, second, and third
sides of the corner triangle corresponding to the arguments of the center function
f, as shown in Figure [§| We shall call a and /3 the base angles of the shape, and
~ the apex angle.

F1GURE 8. The ordered angle triple for the corner triangle Ty = AEF.

Since f is homogeneous, the value of
f(|[FA]|AE|,|EF))

depends only on the shape of the triangle AEF, not on its size. By the Law of
Sines, the side lengths of a triangle are proportional to the sines of the opposite
angles. We therefore define the shape function associated with f by

F(a, ,7v) := f(sina,sin ,sin 7).
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Since every center function is symmetric in its second and third arguments,

f(p,q,m) = f(p,7,q),

the shape function satisfies
(8) F(a, 8,7) = F(a,7, B).

Consider the corner triangle Ty = AEF. The side FA is opposite ZAEF, the
side AF is opposite ZAFE, and the side EF' is opposite ZEAF. Thus the shape
of T4, in the order corresponding to

sa = f(|[FA],|AE],|EF]),
is
oa = (LAEF, L/AFE, /EAF).
Similarly, let op and o¢ denote the corresponding ordered shapes of the corner
triangles Ts and T¢.
Using the homogeneity of f and the Law of Sines, we have

ta _ fUAE[|EF|,|FA|) _ f(2RsinB,2Rsiny,2Rsina)

sa fUFA||AE|,|EF])  f(2Rsina,2Rsin 3,2Rsin~)
_ [(sinB,siny,sine) _ F(B,7,0)

" f(sina,sinfsinn) | Fla,f,7)
Using the symmetry of F' in its last two variables, this becomes
ta _ F(B,o,7)

SA B F(CM,B,’)/)‘

This motivates the following definition. For any shape o = (o, 5,7), define the
leg—swap ratio

Q) = Qo B.7) = %

Thus, () measures the effect of interchanging the two base angles while keeping
the apex angle fixed.

Interchanging the two base angles twice returns to the original shape, so
Q(B,a,7) = Q(a, B,7) 7"

For the three corner triangles, we therefore have

t— — Qo). ’f—B — Qo). t—g ~ Qo).

The concurrence condition of Theorem can now be written in terms of Q).
Since

T tatple

§ = 2 Qlaa)Q(om)Qloc),
the condition S + T = 0 is equivalent, when S # 0, to
(9) Q(o4)Q(o5)Q(0c) = —1.

Thus, the problem of characterizing concurrent centers has been reduced to un-
derstanding the single function Q.



STANLEY RABINOWITZ AND ERCOLE SUPPA 15

7.2. Geometry of the corner triangles. The three corner triangles are not
independent. Once the admissible transversal ¢ is chosen, the angles of one cor-
ner triangle determine those of the other two. The following lemma records the
elementary geometry of the pierce points that will be used in the proof of the
Characterization Theorem.

Throughout this subsection, ¢ is an admissible transversal meeting the sidelines
BC, CA, and AB at the distinct points D, E, and F.

Definition 7.1. A pierce point is interior if it lies in the interior of its side (for
example, F is interior precisely when A — F — B), and exterior otherwise.

Exactly one of the three pierce points lies between the other two on the line £. We
call this the median pierce point; the other two are called lateral pierce points.

Lemma 7.2 (Flip Lemma). Let ¢ be an admissible transversal.

(1) At each pierce point the two corner base angles are either equal or vertical
angles or they are supplementary. They are supplementary precisely when
the pierce point is interior and lateral, or exterior and median.

(2) Ezactly one pierce point is supplementary; the other two are equal.

(3) Consequently, exactly one corner triangle has an external apex angle. It is
the corner triangle that does not contain the supplementary pierce point.
The other two corner triangles have internal apex angles.

(4) The number of interior pierce points is even. Hence either none or exactly
two of the pierce points are interior.

Proof. At each pierce point, the two adjacent corner triangles are either equal or
determine a pair of vertical angles; or they are a pair of supplementary angles

(Figure [9).

pierce point F pierce point E

base angles AFE and BFD are supplementary angles
vertical angles (E is interior to AC and lateral on {)

base angles AFE and BFD supplementary angles
are equal (identical) angles (E is exterior to AC and median on ?)

FIGURE 9. case (1)

The supplementary case occurs precisely when the pierce point is interior and
lateral, or exterior and median. This proves (1).
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We next show that exactly one pierce point is supplementary.

If none of the pierce points is interior, then all three are exterior (Figure |10,
left). In this case, the unique median pierce point is exterior and median, so it is
supplementary by (1), while the two lateral pierce points are exterior and lateral,
hence equal.

Median pierce point E is exterior Pierce points E and F are interior
to all three sides of AABC. to sides AC and AB, resp.

For lateral pierce points D and F, F is median and E is lateral on {.
.CDE=:BDF and EFA=.DFB. E is interior and lateral.

FIGURE 10. case (2)

If two pierce points are interior, then these two points are the endpoints of the
segment /N ABC'. The third pierce point is exterior and lies outside this segment
(Figure , right). Hence the median pierce point is one of the two interior points.
Of the two interior points, one is median and one is lateral. Thus exactly one
pierce point is interior and lateral, and this is the unique supplementary point.
This proves (2).

The corner triangle with external apex angle is the one opposite the supplementary
pierce point, meaning the corner triangle that does not contain that pierce point
(ABFD in Figure [10). This proves (3).

Finally, a line not passing through a vertex can meet the interior of a triangle
only in a segment. Therefore it enters and leaves the triangle through two sides,
or else it does not enter the triangle at all. Hence the number of interior pierce
points is either two or zero, proving (4). O

To prove the Characterization Theorem it is convenient to write the three corner
shapes explicitly. Since the three possible branches differ only by cyclic permuta-
tion of A, B, and C, it suffices to consider one representative case.

Assume that the corner triangle opposite C', namely T = C'DE, is the unique
corner triangle with an external apex angle, and set

x = /LBDF.
Then an angle chase gives
LCDFE = x, LCED =C —x, ZDCE =7 —C.

Similarly for the other two corner triangles. Writing C' = m — A — B, the three
ordered shapes are

O—A:(C_xa B+£L‘, A)a
(10) op=(r—B—=x, x, B),
oc=(z, C—x, m—0C).
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Here the first two entries are the base angles of the shape and the third entry is
the apex angle.

The remaining two branches are obtained by cyclically permuting A — B — C.
Moreover, the parameters (A, B, z) vary independently over an open set. This
local freedom will be essential in the proof of Theorem [7.3]

7.3. The Characterization Theorem. Sections [5] and [6] produced broad fami-
lies of centers that are concurrent for every admissible transversal. We now prove
that these families are complete.

The idea is that a universally concurrent center has only one essential non-
symmetric part. Up to multiplication by a fully symmetric factor, its shape
function depends only on the first angle of the ordered shape.

We shall use the following terminology. A function

M (e, B,7)
is called fully symmetric if it is unchanged by every permutation of a, 3, .

A function ¢ on (0, ) is said to be odd about /2 if
¢(m —t) = —9(t)

for all t € (0, 7). Thus, ¢ takes opposite values at supplementary angles.

It is said to be even about 7/2 if

o(m —1t) = o(t)
for all ¢ € (0, 7).
Sections [5] and [6] produced broad families of centers that are concurrent for every
admissible transversal. We now prove that these families are complete. The

central result of this section shows that every universally concurrent center has a
remarkably simple structure.

Theorem 7.3 (Characterization Theorem). A center function f is concurrent for
every admissible transversal if and only if its shape function factors as

(11) Fa, B,7) = ¢(a) M(e, B,7),
where M is fully symmetric and ¢ is odd about 7/2.
Equivalently, the leg—swap ratio has the form

_ 28)
(12) Q.57 = 05,

where ¢ is odd about /2.

Before proving the theorem, we verify that the two formulations are equivalent.

Suppose first that
F<a7 /87 ’y) = ¢(a) M(a7 B’ 7)7
where M is fully symmetric. Then

F(Bay)  o(B)M(B,a,y)  o(B)
Q87 = Fla, 5.1) ~ dla)M(a.B,y) ~ dla)

Conversely, suppose that

BSS

_ 4B
Q(O‘aﬁaV) - ¢(&)
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Define
_ F(o, 8,7)
M(auﬁvv) - ¢(a) .
Then
MB0) _ 0,9 A2 =
M (e, B,7) )

Thus M is fully symmetric in its first two arguments. Since every center function
is symmetric in its last two arguments, we also have

F(a, B,7) = F(a,v, B).

It follows that M is fully symmetric in its last two arguments as well. Hence M
is fully symmetric.

The proof of the Characterization Theorem has two parts. The sufficiency is
geometric: assuming the factorization

F(a, B,7) = ¢(a) M (e, B,7),
we show that
Q(ca)Q(op)Q(oc) = —1

for every admissible transversal. The necessity is analytic: starting from this
identity for every admissible transversal, we determine the possible form of @),
and then recover the symmetric factor M.

Proof of sufficiency. Assume that

F<a7 57 "}/) = ¢(Q)M(a7 /87 7)7
where M is fully symmetric and ¢ is odd about 7/2. Then

_9(8)
Q(Oz,ﬁ,’y) - ¢(Oé)
For the three corner triangles, write
oa = (aa,Ba,va),  op=(as,BpVB), oc = (ac, Be,70),
where the first two entries are the base angles of the corresponding shape. Then
~ 9(Ba) 9(Br) ¢(Bc)
QEaRoB)R) = 50 dlan) dlac)

Writing these base angles explicitly gives

#(/CED) ¢(/AFE) ¢(/BDF)

QUoa)@lon)Qloc) = 27T mm S ZBFD)  o(ZCDE)’

Each factor compares the two base angles meeting at one pierce point: the first
at E, the second at F', and the third at D.

By Lemma at two pierce points the two angles are vertical, hence equal, so
the corresponding factors are 1. At the remaining pierce point the two angles are
supplementary, say 6 and m — 6. Since ¢ is odd about 7/2,

¢(0)
¢(m —0)

=—1.

Therefore

Q(04)Q(op)Q(0c) = —1.
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By @, this is equivalent to S + T = 0. Hence, by Theorem , the cevians AG,
BH, and CI are concurrent. Il

Proof of necessity. Assume that the center is concurrent for every admissible transver-
sal. We shall show that its shape function has the factorization described in the
theorem.

We work on an open region where the relevant functions are nonzero. This is
the only place where logarithms and signs are used; the resulting identities then
extend to the zero set by continuity.

Step 1: The functional equation.
Write
q(u,v) = lOg |Q(U, v, T —U— U>| :
Thus ¢ is the logarithm of the absolute value of the leg—swap ratio, written as a
function of the two base angles.

Taking absolute values in the concurrence condition

Q(04)Q(05)Q(oc) = —1
gives
q(oa) +qlos) +q(oc) = 0.
Now use the representative branch from ((10)):
o4=(C—z, B+z, A), op=(r—B—x, z, B), oc=(x, C—x, 1—=C).
Introduce the variables

A=C—ux, 0=z, v=m—B-—u.

Then
A=v—), B=nm—v—uyu, x = U,
and
B+zrz=m—-v.
Thus the concurrence condition becomes
(13) g\ m—v) +q(v, p) +q(p, A) = 0.

Step 2: Solving the functional equation.

Differentiate with respect to p. The first term is independent of p. In the
second term, p occurs as the second argument of ¢; in the third term, p occurs as
the first argument of q. Hence

dq dq B

For fixed p, the first term is independent of A\, while the second term is independent
of v. Since A, pu, v vary independently over an open set, each term must depend
only on . In particular,

%(ua U)
depends only on v.

It follows that
q(u,v) = m(u) + K (v)
for some one-variable functions m and K.
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On the other hand, interchanging the two base angles inverts @, so

Qv,u,m —u—v) = Qu,v, T —u—1v)".

Therefore
q(v,u) = —q(u,v).
In particular g(u,u) = 0, and hence
m(u) + K(u) = 0.
Thus m = — K, and so
q(u,v) = K(v) — K(u).

Put
D(t) = KO,
Then
_ 25

We shall also need one consequence of . Setting p = A gives
g\, m—v)+q(v,\) =0.
Using q(u,v) = K(v) — K(u), this becomes
K(r—v)—K(v)=0.
Hence
O(m —t) = d(t).
Thus @ is even about 7/2.
Step 3: Determining the sign.

Equation determines the absolute value of (). It remains to determine its
sign.

Write

where
e(u,v) € {1,—-1}.
Since interchanging u and v inverts (), we have
e(v,u) = e(u,v).

Also,
Q(u,u,m—2u) =1,
SO
e(u,u) = 1.

Substituting the above expression for () into the concurrence condition, and using
the fact that the absolute values already multiply to 1, gives

(15) 5(/\7 ™= V) 5(”7 M) 6(“7 /\) = -1
Set 1= X in (1F]). Since e(A\, \) =1, we get
e\, m—v)e(v,\) =—1.
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Using the symmetry of ¢, this becomes

(16) e(\,m—v)=—e(\v).

Substituting back into gives
c(\ ) e, ) = N) = 1.
Choose a fixed angle r in the interval under consideration, and define

x(t) = e(t,r).
Taking ;1 = r in the last identity gives
e(A\v)e(v,r)e(r,\) = 1.

Therefore

e(Av) = x(A)x(v).
Also, putting A = r in gives

X(m—v) =—x).
Thus y is odd about /2.
Step 4: Recovering ¢ and M.
Define

o(t) = x()2(t).

Since ® is even about 7/2 and x is odd about 7/2, the function ¢ is odd about
/2.

Moreover,

By the equivalence proved before the theorem, this implies that
Fla, 8,7) = ()M (a, B,7),

where M is fully symmetric.

This proves the necessity and completes the proof of the Characterization Theo-
rem. O

7.4. The complete family of concurrent centers. Theorems [6.9 and [7.3] to-
gether give an explicit description of every center function whose cevians are
concurrent for every admissible transversal.

Theorem 7.4 (The Trigonometric Normal Form). A center function is concurrent
for every admissible transversal if and only if, up to multiplication by a symmetric
factor,

f(a,b,c) = cos A®(cos® A) + sin A cos A U(cos® A),
where A is the angle opposite the first argument and ®,V are functions of one
variable.

Thus, the two concurrent forms of Theorem[6.9 are not merely sufficient; together
they exhaust all centers concurrent for every admissible transversal.
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Proof. By the Characterization Theorem, a concurrent center has shape function

Fle, B,7) = ¢la)M(a, 5,7),

where M is fully symmetric and ¢ is odd about 7/2, i.e. ¢p(m —t) = —¢(t). Since
the symmetric factor M may be absorbed into the phrase “up to multiplication by
a symmetric factor,” it remains to describe the possible form of the one-variable

factor ¢(A).

Assume first that the center is concurrent. Then

¢(m — A) = —9(A).
Away from A = 7/2, define
¢(A)
hA) = cos A
Since
cos(m — A) = —cos A,
we have

M = 4) = cos(mr —A)  —cosA

Thus, h is even about 7/2.
We now write h as a function of sin A. For 0 < s < 1, define
H(s) = h(arcsin s)
and assume that H(s) extends continuously to s = 1. If 0 < A < 7 and s = sin A4,
then either
arcsin(sin A) = A
or
arcsin(sin A) = 7 — A.
In the second case, h(m — A) = h(A). Therefore, in all cases,
h(A) = H(sin A).
Hence
¢(A) = cos A H(sin A).
It remains to rewrite H (sin A) in the stated form. Put s = sin A. Since 0 < A < T,
we have s > 0.

Decompose H into its even and odd parts. That is, write H(s) = H.(s) + H,(s),
where H, is even and H, is odd. Since H, is even, it depends only on s%, so

H,(s) = P(s%)
for some one-variable function P. Since H, is odd, H,(s)/s is even, so
H,(s) = sQ(s)
for some one-variable function (). Hence
H(s) = P(s%) + sQ(s?).
Since
s? =sin? A =1 — cos? A,
we may rewrite this as

H(sin A) = ®(cos® A) + sin A ¥(cos® A)
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for suitable one-variable functions ® and ¥. Note that & and ¥ are arbitrary
functions. Therefore

$(A) = cos AP(cos® A) + sin A cos A ¥(cos® A),
as claimed. This proves the necessity.

Conversely, suppose that, up to multiplication by a symmetric factor, f has the
form

cos A ®(cos? A) + sin A cos A ¥(cos® A).
When A is replaced by m— A, the factor cos A changes sign, while sin A and cos? A
remain unchanged. Therefore, the whole expression changes sign:

¢(m — A) = —¢(A).
Thus, ¢ is odd about 7/2. By the Characterization Theorem, the center is con-
current for every admissible transversal. U

8. PROOF OF THEOREM [2.1]

The characterization obtained in Section 7| now allows us to explain every concur-
rent center found in the original computer search.

We are now at a point where we can give a proof of Theorem [2.1]

Proof. The table below lists, for each center in Theorem [2.1], its barycentric center
function. For these centers, it is a pure function of the angle A. Such centers are
known as major centers. For each center, the table lists

(1) the ETC barycentric center function,
(2) an equivalent concurrent form, and
(3) the preserving operations used to obtain it.

Column 2 records the center function obtained from [4]. Since ETC often lists
only trilinear coordinates, we sometimes take the first trilinear coordinate and
multiply by a to convert it to a barycentric coordinate. Whenever this leaves a
factor of a or of be, we remove it by means of

a =sin A, bc = csc A.

Each replacement alters the center function only by a factor symmetric in a, b, ¢,
and a symmetric factor multiplies all three barycentric coordinates equally; it
therefore leaves the center unchanged, and preserves the concurrency locus by
Lemma [6.3] Indeed, by the Law of Sines, a = 2Rsin A, where the circumradius
R is symmetric, so a and sin A differ by the symmetric factor 2R; and from the
area formula 2K = bcsin A, we get bc = 2K csc A, where the area K is symmetric,
so bc and csc A differ by the symmetric factor 2K . After these reductions every
entry of column 2 is a function of A alone.

Column 3 lists an equivalent center function in concurrent form, obtained from
column 2 by standard trigonometric identities together with the discarding of
nonzero constant factors. Each column-3 entry is cos A or sin Acos A times a
function of cos? A, hence is in concurrent form. By Theorem , the corresponding
center is concurrent. As columns 2 and 3 define the same center, every center listed
in Theorem 2.1 is concurrent. Il
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Barycentric Center Functions

center | ETC form concurrent form

X3 sin 2A sin A cos A

X, tan A sin Acos A/ cos® A

X9 sin A tan A (cos A)(1 — cos® A)/ cos® A

Xoy tan A cos2A4
Xos sin? Atan A
Xus sin Asin 2A
Xy sin A cos 3A

sin Acos A)(2cos? A —1)/cos? A
sin A cos A)(1 — cos? A)/ cos® A
cos A)(1 — cos? A)

sin A cos A)(4cos? A — 3)

Xe3 cos A os A
Xes tan 24 sin Acos A)/(2cos? A — 1)
Xeo cot A sin Acos A)/(1 — cos? A)
Xoo sec A cos A)/ cos? A
Xos sin A sec3A sin A cos A) /((cos® A) (4 cos® A — 3))
X84 sin® A cos A sin A cos A)(1 — cos? A)
)(
Xoey | csc2A sin A cos A)/((1 — cos® A)(cos® A))
Xo65 sin Asin2A csc3A | (sin Acos A)/(4cos® A — 1)
X304 | cosAcsc? A cos A)/(1 — cos? A)
X305 | csc® Acos A sin Acos A) /(1 — cos® A)?
X317 cot 24 sin A cos A)(2cos? A — 1)/ ((1 — cos® A)(cos® A))

X398 cos Acsc3A
Xsu0 sec Asin 3A csc? A

sin Acos A)(4cos® A — 1) /((1 — cos® A) cos® A)
X37s | tan A+ sin2A4 sin A cos A)(1 + 2cos® A)/ cos® A

Xs63 | sin AsindA cos A)(1 — cos® A)(2cos? A — 1)

Xgsr | tan Asec2A (sin Acos A)/((cos® A)(2 cos® A — 1))

)
)

sin A cos A;/((l — cos® A)(4cos’ A — 1))
)

(
(
(
(
(
(
(
E
Xise | sinAsin3Acsc2A | (sin Acos A)(4cos? A —1)/cos® A
(
(
(
(
(
(
(
(
(

Thus, the computer search is completely explained by the characterization devel-
oped in Sections [6] and [7]

9. PARALLEL TRANSVERSALS

So far we have treated each admissible transversal independently. The next result
shows that only its direction matters. As an admissible transversal slides parallel
to itself, the cevians AG, BH, and CI remain fixed. The reason is that each
corner triangle changes only by a homothety about its corresponding vertex.

Lemma 9.1. Let ¢y and { be admissible transversals of NABC with (|| £y, and
let X be any triangle center. If Go, Hy, Iy and G, H,1 are the X-points of the
corner triangles of £y and € respectively, then, as lines,

AG - AG(), BH = BH(), CI - CI(]

Proof. Consider the corner triangle T4y = AFEF of ¢, with F = (N CA and
F = (N AB, alongside T} = AEyFy of {y. The sidelines CA and AB meet at A,
and the parallels ¢y, ¢ cut them; by the intercept theorem [1] the two signed cut
ratios coincide,
AF  AF
AE, AF,

)\Aa
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and A4 # 0 since ¢ passes through no vertex. Hence Ty = hu(T9), where hy is
the homothety of center A and ratio A4, which fixes A and carries Ey — E on
CA and Iy — F on AB.

Barycentric coordinates are preserved by every affine map, and a homothety is
affine; so the point with prescribed barycentric coordinates in T9 is carried by
ha to the point with the same coordinates in T4. The X-point is defined by
these barycentric coordinates , s0 G = ha(Gg). As ha has center A, the points
A, Gy, G are collinear; that is, AG = AGy. The arguments at B and C are
identical, with homotheties hg, ho of centers B, C. O

Theorem 9.2. If a triangle center X is concurrent for an admissible transversal
by, then X is concurrent for every admissible transversal parallel to £y.

Proof. By Lemma [9.1] for any admissible ¢ || ¢, the cevians AG, BH,CI are the
very same three lines as for /. If they concur for ¢y, they concur for /. U

Corollary 9.3. If X is concurrent for an admissible transversal £y with perspector
P, then X s concurrent for every admissible transversal parallel to €y, and the
perspector is the same point P.

Proof. The three cevians are unchanged as lines (Lemma [9.1)), so their common
point is unchanged. Il

Thus each parallel class of admissible transversals determines a fixed triple of
cevians and, when they are concurrent, a fixed perspector.

10. THE PERSPECTOR FORMULA

When a center X is concurrent for a fixed admissible transversal ¢, we can compute
the coordinates of the perspector explicitly.

Theorem 10.1 (Perspector Formula). Let X be concurrent for the admissible
transversal
C=1[u:v:wl,

and let f be the barycentric center function of X. Define

sa = f(IFA|,|AE]|EF]),  ta= [(|AE],|EF]| |FA]),

SB:f(|DB|7|BF|’|FDI)7 tB:f(|BF|:|FD|7|DB|)7
Then the perspector of NABC and ANGHI is

P = (SASB(w —v) ttatp(u —w) : satp(u — v))

Proof. From the proof of Theorem [3.1]

AG=10: LI tA], BH:{tB 20 o5

uUu—w v—1u w—v vV—Uu

Their intersection is the cross product of these two line-coordinate vectors. After
clearing the common factor

(u = w)(v —u)(w —v),
we obtain
P = (sasp(w —v) : tatp(u —w) : satp(u—v)).
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It remains only to check that this point also lies on C'I. Since

substitution gives

S t
© sasp(w —v) + © tatp(u — w) = saspsc + tatptc = S+ T.
w—v U —w
This is zero by Theorem 3.1 because X is concurrent for ¢. Hence P lies on all
three cevians, and is the perspector. Il

11. EXPRESSIONS FOR THE SIDE LENGTHS

It is useful to have expressions for the lengths of the sides of the corner triangles.
They are given by the following theorem.

Theorem 11.1. Let { = [u: v : w] be admissible. Then

FA=c¢|—2 | AE=b|—2—| EF=0Q Y ,

u—v u—w (u—v)(u—w)

(17) DB=al|—2 ‘ BF=c¢|——|. FD=0Q Y ,
v—w v—u (v—w)(v—u)
EC=b|——|, ¢D=a|——|, DE=Q - ,

w—u w—v (w—u)(w —v)

where Q = a*u® + b*v? + w? — Syvw — Spwu — Scuw,
Spa=0+c%—a? Sg=c+a®>—b*, and Sc = a® + 1* — %

Proof. The pierce pointsare D = (0:w : —v), E=(—w:0:u), FF = (v:—u:0).
The result then follows from direct computation with the barycentric distance
formula |[UV|? = —(a?yz + b?zz + 2xy) applied to the normalized displacement

(x,y,2)=U—V. O

Note that the squares of the side lengths are all rational functions of a, b, ¢, u, v, w.

Combining the Perspector Formula with gives the coordinates of the perspec-
tor whenever the center function and the equation of the transversal are known.

12. THE EULER LINE

In earlier sections, we have determined when a center is concurrent for all admis-
sible transversals. We can also ask when a center is concurrent for some specific
transversal £. We have the following.

Theorem 12.1. There is no admissible transversal ¢ such that X,, is concurrent
for £ when n € {1,2,6}.

Proof. Suppose ¢ = [u,v,w|. The condition for X,, to be concurrent for ¢ is given
by Theorem [3.1] namely S+ 7T = 0, where S = saspsc and T' = ttptc. We can
compute S and T from and .

For X1, f(a,b,c¢) = a and we find

2abc|u| - |v] - |w]

S+T= )
lu—v|-|v—w|-|w—ul
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For an admissible transversal, u # 0, v # 0, w # 0, u # v, v # w, and w # u.
Thus, each term is positive, so S + T cannot equal 0.
For Xy, f(a,b,c¢) =1 and we find S + T = 2 which is not 0.

For X, f(a,b,c) = a* and we find
202b2 2 v w?

cuviw
S+T = )
(u—v)*(v = w)*(w — u)?
Again, each term is positive, so S + 1" cannot equal 0. Il

The situation is different for X5 and X,.

By Theorem [2.1], we know that X3 and X, are concurrent for all admissible lines.
For n > 4, we can ask if X, is concurrent for some admissible line. We find for
n = 99, that that although X9 is not concurrent for all admissible lines, it s
concurrent for the Euler line of AABC.

In fact, we have the following theorem (discovered empirically).

Theorem 12.2 (Centers concurrent for the Euler line). Let ¢ be the Euler line
of NABC. Three points D, E, and F are determined by the points where line
¢ intersects the sidelines BC', C'A, and AB, respectively. Let the X, -points of
triangles AEF, BFD, and CDE be G, H, and I respectively. Assume that ¢ is
an admissible transversal. If
n € {99,107,110, 125, 131, 136, 163, 250, 339, 403, 476, 661, 662,
669,670, 798, 799, 822, 823, 850, 925, 930, 974},

then triangles ABC and GHI are perspective. That is, X, is concurrent for the
Euler line.

Remark 12.3. The values of n listed in Theorem [[2.2] are ones that are in addition
to the values of n in the general case (Theorem [2.1)), which are also concurrent
for the Euler line.

Before proving Theorem [12.2] we give some preliminary results.

Since the Euler line is a fixed transversal, the perspector will be a fixed triangle
center. The equation of the Euler line is given in [7, §11.4.4] as

SA(SB — Sc)l' + SB(SC — SA)y + Sc(SA — SB)Z = 0.

For a center that is concurrent for the Euler line, we can then use the Perspector
Formula (Theorem [10.1]) to find the coordinates for the perspector. The perspec-
tors for various such centers are listed in the following table.

For centers concurrent for the Euler line that are not in the table, the perspectors
are not cataloged in [4] as of January, 2026.
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Perspectors for Centers

Concurrent for the
Euler Line

center | perspector

X3 X110

Xy X503

Xoy X15453

Xes Xrar

Xeo X3233

Xo3 X18039

Xog X16163

Xio7 X125

X110 X3

X125 X107

Xogs X6

Xaze Xo65

Xs23 Xy

Xs50 X34334

By Theorem [9.2] concurrence depends only on the direction of the transversal, so
each center listed in Theorem is concurrent not merely for the Euler line but
for every admissible transversal parallel to it; and by Corollary the perspector
is, in each case, the fixed center tabulated above.

Examining the perspectors in the above table suggests that for the Euler line,
center X has perspector Y if and only if center Y has perspector X. We will
prove this as Theorem below.

The key is the following well-known property of the Euler Line [2].

Lemma 12.4. If the Euler line of non-equilateral triangle ABC meets CA at E
and meets AB at F (Figure[11), and if ZA ¢ {60°,120°}, then triangle AEF is

not equilateral and its Fuler line is parallel to BC'.

A

Euler(AEF)

Euler(ABC)

FIGURE 11. red line is parallel to BC

Remark 12.5. When angle A is 60° or 120°, the conclusion fails for a picturesque
reason: there the corner triangle cut off by the Euler line is equilateral, so it has
no Euler line at all.

Remark 12.6. This lemma propagates to the whole pencil of lines parallel to the
Euler line because parallel transversals cut off corner triangles similar to one
another (they are images of each other under homotheties centered at the vertex).
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Remark 12.7. Similarly, if ZB ¢ {60°,120°} the Euler line of BF'D is parallel to
CA, and if ZC ¢ {60°,120°} the Euler line of CDF is parallel to AB.

Theorem 12.8 (The Reciprocity Theorem). Suppose no angle of AABC' equals
60° or 120° and the Euler line of ANABC is an admissible transversal. Let X be
a triangle center that is concurrent for the Euler line, and let Y be its perspector.
Then Y is concurrent for the Fuler line of ANABC' with perspector X .

Simply put, for the Euler line, center X has perspector Y if and only if center Y
has perspector X.

Proof. We will prove the result for any line parallel to the Euler line. Fix an
admissible transversal ¢ parallel to the Euler line, with pierce points D, E, F', and
consider the complete quadrilateral formed by the four lines BC', C A, AB, { (see
Figure . Its four triangles are ABC, AEF, BFD, and CDE. FEach omits
exactly one of the four lines, and the omitted line is a transversal of it. By
Lemmam (and the remarks following), the configuration is self-reciprocal: each
of the three corner triangles sees its omitted line as a transversal parallel to its
own Euler line, namely

BC' || Euler(AEF), CA || Euler(BFD), AB || Euler(CDE),

and these transversals are admissible for the corner triangles (their pierce points
are D, B, C on the sidelines of AEF, and cyclically, none of which is a vertex).

Now consider the center Y in the corner triangle AEF. By Corollary [9.3 the Y-
point of AEF is the perspector formed by taking X-points in the corner triangles
formed by triangle AEF and any admissible transversal parallel to the Euler line
of AAEF. By the self-reciprocity just established, we may take that transversal
to be the line BC. The transversal BC' meets the sidelines FF, FA, AE of
ANAEF at D, B, C respectively, so the corner triangles of the pair (AAEF, BC)
at the vertices A, E, I are

ABC, CDE, BFD,

and the corresponding corner centers (using X-points) are X = Xp¢ itself,
Xepr, and Xppp (Figure [12). In particular, the cevian issuing from A is the
line AX, and the perspector, which is the Y-point of AAFF, lies on it. Hence,
when Y-points are taken in the corner triangles formed by AABC and ¢, the line
joining A to the Y-point of AAFF is the line AX and passes through X.

Xcpe

Blue lines are the cevians to the X-points of the corner
triangles of AABC formed by {. They concur at Y.

Red lines are the cevians to the X-points of the corner
triangles of AAEF formed by transversal BC.

They concur at the Y-point of AAEF.

Note that X, the X-point of AABC, lies on AY agr.

D

C
Xerp Y Euler(ABC)

FIGURE 12. construction of Y-point of AAEF
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The same argument applied to the pairs (ABFD, CA) and (ACDE, AB). Their
corner triangles at B and at C' are again ABC'. This shows that the cevians from
B and from C' (when using Y-points in the corner triangles) are the lines BX and

CX (Figure [13).

? Xcoe

Blue lines are the cevians to the X-points of the corner
triangles of AABC formed by £. They concur at Y.

Brown lines are the cevians to the Y-points of the corner
triangles of AABC formed by £. They concur at X.

_— Ysr»

2

FI1GURE 13. construction of X and Y points of AABC

The three cevians to the Y-points of the corner triangles of AABC therefore
concur at X, showing that the center Y is concurrent for ¢, with perspector X. [J

Proposition 12.9. The Steiner point, Xgg, is concurrent for the Euler line.

Proof. The Steiner point has barycentric center function f(z,y,2) = 1/(y* — 2?).
Put

p=I|AEP - |EF?,  p =I|EF] - |FAP,

and let g, ¢, 7,7’ be the cyclic analogues. By Theorem 3.1, s4 = 1/p, t4 = 1/p/,
and so on, whence
pdr + pqr

pqrp'qr’
so AG, BH,C1 concur if and only if pgr + p'¢'r' = 0.
The trace points are D = (0: w: —v), E=(—w:0:u), F = (v: —u:0). Using
the barycentric distance formula, one computes

S+T =

_ —u’my - u?m’y
p_(u—v)Q(u—w)’ p_(u—v)(u—w)Q’

where
ma = (a®> —b*)(u —v) + (v —w), m'y = (a®> — &) (u — w) + b*(w —v),

the remaining quantities following by the cyclic substitution (a,b,c,u,v,w)
(b, ¢, a,v,w,u). Multiplying and using (v — w)(v — u)(w —v) = —(u — v)(v —
w)(w — u), we have

u?v*w?* mampme o, uPvtwrmlymiymi,
pgr = A3 , P = A :

where A = (u —v)(v — w)(w — u).
As u,v,w are nonzero and distinct, concurrency is equivalent to

v = mampme +m/ymyme = 0.
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The cubic v factors as v = —L Q) with L linear and @) quadratic in (u,v,w). The
coefficient vector of L is

(2(14—a2b2—a202—b4+2b202—c4 ::) = X, — Xj,

the orthocenter minus the circumcenter, taken in the common normalization in
which each has coordinate sum 16 K2 (with K the area of ABC'). Its coordinates
sum to zero, so X, — X3 is the point at infinity of the line X3.X},, namely of the
Euler line. Hence L = 0 expresses exactly that ¢ passes through the infinite point
of the Euler line, i.e. that ¢ is parallel to it. By hypothesis this holds, so v = 0;
therefore S+ T = 0, and AG, BH,C'I concur. Il

If X is a concurrent center, by the orbit of X we mean the set of all centers
that can be obtained from X by successively applying the preserving operations

(01)-(06) of Definition [6.2]

Theorem 12.10. Every center in the orbit of Xgg is concurrent for the Fuler
line.

Proof. Since Xgg is concurrent for the Euler line, the result follows from Theo-
rem [6.4] O

Theorem 12.11. The center X,, is concurrent for the Euler line for
n € {107,110, 163,661, 662, 669, 670, 798, 799, 822, 823, 850, 930}.

Proof. From [4], we find that the center function for Xg9, the Steiner point, is
(a* — b?)(c* — a?) and that the isogonal conjugate of Xgg is X51. The following
identities therefore show that each X, is concurrent by Theorem [12.10]

X512 = a?/ Xy, X523 = 1/Xgg

Xio7 = SZ2X99, Xi10 = aQng, Xi63 = a3X99,

Xee2 = aXog, Xeoeg = a4X512, Xero = (bC)Qng,

Xee1 = a2/X6627 X799 = bc Xog, Xgoo = a353X512,

Xsos = be(SpSc)2Xeg, Xsso = (b6)2Xs1a, Xoso = (be) ™2 (4cos2A — 3) ™" Xgo,
Xogs = a®/ Xy, Xoo5 = (be) ™% (4 cos? A — 2)71X99.

Note: For Xgzq, a*+b*+c? —2ab* — 2a*c® —b?c? = S —3b%c? = (be)?(4 cos? A—3),
so dividing by it is the co-side-power operation (O3) with 7 = —2 followed by the
angular multiplier (O6) with ®(t) = 1/(4t — 3); both preserve concurrence, so
Xog30 lies in the orbit of Xg9. A similar remark holds for Xgos. ]

Theorem 12.12. The center X,, is concurrent for the Euler line for
n € {125,250, 339,476} .

Proof. Since Xig7 is concurrent for the Euler line with perspector Xjo5, by the
Reciprocity Theorem (Theorem , X195 must be concurrent for the Euler line.
Similarly, X5 is concurrent for all lines (Theorem , and for the Euler line, the
perspector is X476. Hence X476 must be concurrent for the Euler line. Examining
their center functions from [4], we find

Xoso = a?/ X125, X339 = 1/ Xos0,
s0 Xo50 and X339 are concurrent for the Euler line by Theorem [6.4] d
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Theorem 12.13. The center X131 is concurrent for the Euler line.

Proof. By Theorem concurrence for a given transversal is equivalent to the
identity S + T = 0. Substituting the ETC center function of X3, the side-
length expressions of Theorem [11.1] and the coordinates of the Euler line reduces
S+ T = 0 to a polynomial identity in a,b,c. We have verified this identity with
Mathematica. The intermediate polynomials are large and unilluminating, so we
omit them. O

Theorem 12.14. The center X,, is concurrent for the Euler line for
n € {136,403,974}.

Concurrence for these centers is verified by the same computer-algebra reduction
as in Theorem [12.13] and the details are omitted.

We leave the reader with something to ponder on.

Conjecture 1. A center on the circumcircle is concurrent for the Euler line if
and only if it lies in the orbit of Xgg.
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