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Abstract

Let P = X(5626) be the electrostatic center of a nondegenerate triangle ABC'. Nicollier
associated with P three ellipses through P, with focal pairs (B,C), (C,A), and (A, B). We
study the pairwise second intersections of these ellipses. If @, is the second intersection of the
ellipses with focal pairs (C, A) and (A, B), and D, = PQ, N BC, then for b < ¢ these points
belong to a natural ordered configuration on the line BC:

M, < X,<D,<U,<Jy<T,<C<S8,,

where X, = AP N BC. Here M, is the midpoint of BC, U, is the internal similarity center of
the circles centered at B, C' through P, J, is a vertex of the associated focal hyperbola, T, is
the incircle contact point, and S, is the trace on BC of the tangent at P to the ellipse with foci
B, C. We also prove that the three cevians AD,, BDy, C D, are concurrent if and only if ABC
is isosceles. In the scalene case the sign of their Ceva defect is determined by the ordering of the
side lengths.

1 Introduction
Let ABC be a nondegenerate triangle, with
a = BC, b=CA, c=AB,

and let P = X (5626) be its electrostatic center. Abraham and Kova¢ [I] introduced and studied
this point as the unique point of maximal electrostatic potential of a triangular lamina carrying
uniform surface charge. It is listed as X (5626) in Kimberling’s Encyclopedia of Triangle Centers [3].

Nicollier [4] gave a geometric localization of the same center using three ellipses through P, with
focal pairs

(B,0), (C,A), (A, B).

More generally, triads of conics associated with an arbitrary point of a triangle have been studied
by Garcia, Gheorghe, Moses, and Reznik [2]. Our interest here is in those consequences that use the
special metric relations satisfied by the electrostatic center.
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The characterization of Abraham and Kova¢ that we shall use is the following. There is a unique
number ¢ > 0 such that

PB + PC = acoth(qa), (1)
PC + PA = bcoth(gb), (2)
PA+ PB = ccoth(gc). (3)
For brevity, put
F(t) = tcoth(qt), x=F(a), y=F(@0), z=F(c). (1.4)

Thus
r=PB+ PC, y=PC+ PA, z=PA+ PB.

The first section below records only the basic ellipse formulas needed later. The main part of
the paper begins with the pairwise second intersections of Nicollier’s ellipses. From them we obtain
a new point on each sideline, a nested configuration involving an associated hyperbola and the
incircle, and finally a nonconcurrence theorem whose equality case is exactly the isosceles case.

2 Basic metric formulas

Let &, be the ellipse through P having foci B, C, and define &, & cyclically. Let M} and N, denote
the full major-axis and minor-axis lengths of &,, and let e, be its eccentricity. The superscript on
M} is used to avoid conflict with the midpoint M, of BC', which will appear later.

From ,

M} = acoth(qa), N, = acsch(qa), eq = tanh(qa), (2.1)
with cyclic analogues. In particular,

artanhe, artanhe, artanhe.

= =q. 2.2
- 7 ; q (2.2)
This is a convenient equivalent form of Nicollier’s eccentricity characterization; we shall not use it

as a separate result.
We also retain one elementary metric identity. Define

pa =PB+ PC+a

and
6o = PB+ PC —a,

and define the corresponding quantities cyclically. Thus p, is the perimeter of APBC, while ¢, is
the excess of the broken path BPC' over the side BC'. We call §, the detour from B to C' through
P.

Proposition 2.1. For the ellipse &,,
Nf = paéa'

Cyclically, the analogous identities hold for & and &..
Proof. Since M; = PB + PC,
pa:M;+a7 5a:M;_a.

Hence
Pada = (M?)* — a* = N2. O



Figure 1: The three associated ellipses.

The following derivative estimate will be used repeatedly.

Lemma 2.2. Fort >0,

0<F'(t) < 1.
Proof. Put u = qt. Then
sinh 2u — 2
F'(t) = cothu — ucsch®u = w > 0.
2sinh”u
Also,
2u— (1—e 2
-y = 2= = ) >0,
2sinh”u
O
Consequently, if b < ¢, then
0<z—y<c—b, (2.3)



and since z —y = PB — PC,
0<PB—-—PC<c—0. (2.4)

3 Second intersections
Let Q4 # P be the second common point of & and &, and put

D, = PQ, N BC.

Define Qy, Q., Dy, D, cyclically.

The next lemma gives an explicit form of the common chord. Although the calculation is valid
for an arbitrary interior point P, we state it in the notation already specialized to the electrostatic
center because it will be used throughout the rest of the paper.

Lemma 3.1. Take A as the origin. The common chord PQ, has equation

yz(z —y) + 2b* — yc?

(2C —yB)- X = 5 . (3.1)
Consequently,
BD, Ng,
= — .2
D,C d,’ (3:2)
where
ne = za* + (z = y)(yz - ¢), (4)
do = ya® + (y — 2)(yz — b%). (5)

Proof. For a variable point X, put r = XA. On &,

r+ XB =z
Squaring gives
52 _ 2
- B-X =
2r 5
Similarly, on &,
2 _ 12
y“—b
—C-X =
yr 9
Eliminating r gives (3.1). Substituting
B+ pC BD,
X = ., pP= ;
1+p D,C

and usin
; 2B-C =b*+ ¢ —a?

gives (3.2). O

There is an associated hyperbola that will be useful. Since @), lies on both &, and &,

QuA +QuC = PA+PC, QuA+Q.B=PA+ PB.



Subtracting,
Q.B - Q,C=PB— PC. (3.3)

Thus P and @, lie on the same hyperbola with foci B,C. This relation is part of the general
theory of P-conic triads studied in [2]; here the special estimate will place its vertex relative
to classical points of BC.

For later use we record one sign identity. Define

d=2yz+ (a> — > — A+ (1?2 -2 —addy

+ (2 —a® — b?)z. (3.4)

Lemma 3.2. We have
P < 0.

Proof. Put

a = PA, 8 =PB, v = PC,
and

Ap=/BPC, Bp=/CPA, Cp=/LAPB.

Then

r=pF+7 y=7+ta, z=a+p.

Using the cosine law in the three triangles determined by P, a direct simplification gives

d = 4a57(1 + cos Ap + cos Bp + Cost).

Since
Ap + Bp + Cp = 2r,
we have 4 B o
1+ cosAp +cosBp +cosCp = —4COSTPCOS7PCOS7P < 0.
Hence & < 0. O

4 An ordered configuration on a sideline

Assume throughout this section that
b<ec.

Then (2.4) gives
B :=PB > PC =:~.

Let M, be the midpoint of BC', and put
X,=APNBC.

Let U, be the internal similarity center of the circles with centers B, C' and radii 3, ~; equivalently,
PU, is the internal angle bisector of Z/BPC'. Thus

BU, B
= —. 4.1




Let H, be the hyperbola with foci B, C through P, and let J, be the vertex of its branch
containing P that lies on BC. Finally, let T, be the incircle contact point on BC, and let ¢, be the
tangent at P to &,. Put

Sqe =t, N BC.

All order relations below are taken on the oriented line from B toward C.
Theorem 4.1. If b < ¢, then
My <Xo<Dg<Usg<dJy<T,<C<S,. (4.2)
Cyclically, the analogous statements hold on the other sidelines.
Proof. We first locate X,. Write the normalized barycentric coordinates of P as (X :Y : Z). Since

X, = AP N BC,
BX, Z

X,C Y’

It is enough to prove Z > Y. Put

§=q(c—0b), n = qa, ¢=q(b+c).

The triangle inequalities give
0<é<n<(.

For fixed n > 0, define

sinht tcotht — ncothn

\Ijn(t) = t t2 _ 772 ’

with the continuous value at t = 7. A direct calculation gives

1

v, (t) =
a(t) tsinhn

1
/ sinh(ts) sinh(ns) ds,
0

so W, is strictly increasing. Solving for the two barycentric coordinates Y, Z from the squared-
distance equations for PB and PC', and simplifying with 7, gives

2 e2\(2 2
1%MBQ%Z—Y3:gigméggﬁM;ﬁWdO—WMO)>0

Hence M, < X,.
We next locate D,. Put

w=z—-—y=p5-17.

By (2.3),

O<w<c—-b<a. (4.3)

In 7, we have n, > 0 and d, > 0. Indeed, if yz > ¢2, then n, > 0 is immediate. If yz < ¢?,
then
& —yz < clc—b),

so by ,

w(c? —yz) < c(c—b)* < ca® < za®.

Hence again n, > 0.



For d,, write z = y + w. Since P is interior,
z=PA+ PB <a+b,
so y —b < a — w. Therefore

@~ w?) ~ w(y? ~ )
a—w)(a+w)—w(y—>b)(y+b)
(y(a+w) —w(y + b))

(

Thus D, lies on the open segment BC.

Moreover,
Ng —dg = (2 —y)(a® = b* — & 4+ 2y2) > 0,
because
a? —b% —? = —2bccos A

and y > b,z > c. Hence

BDa > 1

D,C ’
SO

M, < D,.

We now compare X, with D,. Let L denote the left side of (3.1)) minus the right side, so that
L =0 is the line PQ,. From —,

2L(B) = —ng <0,  2L(C) =dy > 0.

Since A, P, X, are collinear and P lies between A and X,, we have L(X,) < 0 exactly when L(A) > 0.
Taking A as the origin,
2L(A) = yc? — 2b* — yz(z — v).

Put u = ¢gb and v = gc. Then 0 < u < v, and after substituting y = bcoth(gb), z = ccoth(gc) and
clearing positive factors, the last expression has the same sign as

u v

sinh2u  sinh2v’

The function ¢/ sinh 2t is strictly decreasing for ¢ > 0. Thus L(A) > 0, so L(X,) < 0, and hence

Xo < Dy,.
Next compare D, with U,. Since
/B_a:—kz—y Tty —z
- 2 ) fy - 2 9
a simplification using f gives
2=y
Yng — Bdg = 5 P.

Lemma and z — y > 0 show that this quantity is negative. Thus

BD, _§ _ BU,
D,C "y UC’
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and therefore
D, < U,.

Since the transverse semi-axis of H, is w/2,

a+w
BJ, = .
J 2
Also
pu, = - _ae, o

Because g+ v > a,

Uy, < Jq
The incircle contact point satisfies
—b
BT, —=s—b=27°"0
2
By ({.3), ,
BJ, = a—+w < a+c— — BT,

2 2
so J, < T,. The triangle inequality gives T, < C.

Finally, the tangent t, is the external angle bisector of ZBPC. By the external angle-bisector
theorem,

BS,
a_B >1
S.C v
in unsigned lengths. Hence S, lies beyond C. This completes the ordering (4.2)). O

Sa

Figure 2: The ordered points on BC.



Figure [2| shows the complete configuration used in Theorem [£.1] For an arbitrary interior point
P with PB > PC', the conic and similarity-center construction already gives the subchain

M,<D,<U,<J, <C<8,.

The electrostatic center supplies the additional comparisons involving X, and T,. In particular,
Jo < Ty is exactly the consequence of the strict contraction PB — PC < ¢ —b.

5 The tangent traces
The tangent traces used in Theorem have a classical interpretation. Define
S =ta N BC, Sy =t,NCA, S.=t.NAB,

where t,, 1y, t. are the tangents at P to &, &, &, respectively.

Proposition 5.1. The points Sg, Sy, Se are collinear. In barycentric coordinates their common line
18

PAX +PBY +PCZ=0. (5.1)
Proof. The tangent t, is the external angle bisector of ZBPC'. Hence, in directed ratios,
BS, __PB
s,C PC’

Cyclically, cs s S A
b c

S,A  PA’ S.B __PB

Their product is —1, so Menelaus’ theorem gives the collinearity. Moreover,

Se=(0:PC:—PB),
with cyclic analogues, and these three points satisfy (5.1)). ]

Remark 5.2. No electrostatic property of P is used in Proposition[5.1} The circles centered at A, B, C
with radii PA, PB, PC' all pass through P, and S, .Sy, S. are their pairwise external similarity
centers. Thus their common line is the Monge line of these three circles. We include the proposition
only because the points S, .Sy, Se occur naturally in the electrostatic ordering of Theorem

6 A Ceva defect

The points D, Dy, D, suggest asking whether the cevians
AD,, BDy, CD,

are concurrent. They are not concurrent in a scalene triangle. More precisely, the sign of the Ceva
defect is determined by the ordering of the side lengths.
We first need a one-variable lemma. Put
2t

X(t) = tcoth(qt), At) = Snh(2g)”

The second quantity is the latus-rectum length of the ellipse corresponding to the side length ¢.



Lemma 6.1. As a function of X, the quantity A is strictly decreasing and strictly convez.

Proof. The factor ¢ only rescales both coordinates, so it is enough to take ¢ = 1. Put

2t
sinh 2t

X = tcotht, H = ttanht, A=X-H=

The function A(t) is strictly decreasing. Since X'(t) > 0, to prove convexity of A as a function of X,
it is enough to show that

/
-2t
is strictly decreasing. A simplification gives
sinh 2¢ 4 2t
R(t) = tanh? ¢ Wti%
Differentiating,
R(t) =~ (2t — s?nfggzgézﬁ)m 1)
where

Gv)=1+v2+ % sinh 2v — cosh 2v.
The power series of G is

X 52m—1 m —
G@%:E:QQLMinﬁm>O (v> 0).

m=3
Thus R'(t) < 0, and the required convexity follows. O
For the three points D, Dy, D, write

_ BD, _ CD, AD,
~D,c0 "T DA - ‘

Ta

Theorem 6.2. If ABC is scalene, then
(raryre —1)(a — b)(b —¢)(c —a) < 0. (6.1)

Consequently,
AD,, BD,, CD.,

are concurrent if and only if ABC' is isosceles.

Proof. By Lemma [3.1
Ng
Ta = )

da

where ng, d, are given by —; define ny, dp, n¢, d. cyclically. Theorem and its cyclic forms
show that all these quantities have the signs required for the usual positive Ceva ratios.
Set
A = ngnpne — dgdpde.

A direct expansion factors as
A = 90O, (6.2)

10



where @ is the quantity in (3.4)), and
0 = a®b’z2(y — z) + a*Py(z — 2) + b*Ex(z — y)
+ayz(z —y)(z — 2)(y — 2). (6.3)

By Lemma[3.2] & < 0.
It remains to determine the sign of ©. Assume first that

a<b<e.
Then
r<y<z.
Put
a’ b? c?
he = — = atanh(ga), hy = — = btanh(¢b), h.= — = ctanh(qc).
x y z
Also put
2a
Na=1—hg=
a = F T e sinh(2qga)’

with cyclic definitions of Ay, Ac. From (6.3),
1 1 1 1 1 1

S
— =1lhqg hy he—|z y =z|. (6.4)
Yz a2 b2 2 72 y2 22
Let
pP=Yy—z r=z-1Y,
and

u:)\a—)\b, U:)\b—)\c.

Then p,r, u,v > 0, and
hy — hy = p+ u, he — hy =7+ 0.

By Lemma [6.1
u v
u_v 6.5
L2 (65)
Expanding (6.4)) in these increments gives
)
—— = ha(ru — pv) + 2pru + pro + r?u + ru® + ruw. (6.6)
xyz

Every term on the right is positive by ([6.5)). Hence
>0

when a < b < ¢. Since O changes sign when two of the paired variables (a,z), (b,y), (¢, z) are
interchanged, it follows for every scalene triangle that

sgn © = sgn((a — b)(b— c)(c — a)).

Together with ® < 0, this proves .

For a scalene triangle, gives rq1rpr. # 1, so Ceva’s theorem rules out concurrence. If ABC' is
isosceles, the construction is symmetric about the corresponding symmetry axis; the two remaining
cevians are mirror images and meet on the third. Thus the three cevians are concurrent. This
proves the final assertion. O
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Remark 6.3. For example, if a < b < ¢, then (6.1]) gives
TaTpTe < 1.

Thus the failure of concurrence is not arbitrary: its orientation is fixed by the ordering of the side
lengths. Figure [3]illustrates the scalene case.

Figure 3: The three green lines are not concurrent.

7 Concluding remarks

The elementary axis formulas (2.1)) are useful background, but the main geometry of the three
associated ellipses appears when their pairwise intersections are considered. The second point ),
determines a chord whose trace D, on BC is trapped among several natural points. In the case

b<ec,
M, <X, <D, <U,< J,<Tp,<C<§8,.

The comparison J, < T, is a direct geometric consequence of the strict electrostatic contraction

0<PB—-PC<c—b.

12



The three tangent traces belong to a classical Monge line, while the three new cevians through
Dg, Dy, D, are concurrent precisely in the isosceles case. Thus the second-intersection configuration
produces properties that depend essentially on the Abraham—Kovaé¢ characterization, rather than
only on the general theory of focal ellipses through an arbitrary point.
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